Koncniekr k sieknun 2. (Kasanb, 4 anpesns 2017 r.)

5 Matpuna rpada.

I'pad ¢ n BepmmHaMu onuCHIBAETCSI Mampuyet cmedcnocmy M pasmepHOCTH
n X N, B KOTOPOI 3JIEMEHT M;; PaBHO IHCITy PEOEP, COCAMHSIOMNUX -yI0 U j-YIO
BepHMHbI Tpada. ITa Marpura cummerpudna. Kcin rpad ogHOpO HbBIN U CcTe-
[IeHb KasKJI0¥ BEPINUHBI PaBHA d, TO CyMMa YHCEJI B KaXKJIOH CTPOKE M KayKJIOM
CTOJIOIE MATPUIILI paBHA d.

Pasnuansie cBoiicTBa rpada ymoO6HO OMUCHIBATD B TEPMUHAX STON MATPHUITHL:

e (i,j)-it snement marpunsr M k ecrp umcno myTeit jumMHBL k, WIYIAX U3
BEPIIUHBI ¢ B BEPIIUHY j;

e ccau pazzeauTb Marpuily M Ha d, TO MOJyIUTCA MATpHIA, Y KOTOPOIl
cyMMa JiI000i CTpOKM 1 Jiioboro crosbia paBHa 1. YMHOKeHHE Ha 3Ty
MaTPHUILy OIUCHIBACT CIydaiinoe Gy aanue: ecan p = (pi1,...,pn)" ecTb
BEKTOP-CTOJIOEI], COCTOSIIII U3 BEPOSATHOCTEH, OMNCHIBAIOIINX HEKOTOPOE
pacIpejiesieHre Ha BePIINHAX Ipada, TO BEKTOP (éM P) 3aJaer pacipeje-
JIEHWe Uepe3 OJIMH IMIar CIyJaitHoro GurykiaHusi (Mbl BHIOMpaeM CIIydaii-
HYIO BEPIIUHY U COIVIACHO PACIPEJIEJICHUIO P U IEPEXO/IUM K €€ COCeJy,
BBIOpaB CJIydaitHo omHo u3 d pédep, BBIXOAMIIUX U3 V).

[Mocnennee nabroeHne MOKA3BIBAET, YTO CIydaiinoe 61yKaanue no rpady (u3
TEKyIIel BEPIITUHBI Mbl PABHOBEPOSITHO TIEPEXOIUM II0 OTHOMY U3 pé0ep B coce -
HIOIO BEPILUHY, 3aT€M B COCEJHIOI0 BEPIIMHY K COCEJHEl, U TaK jaJiee) CBI3aHO
co crenensiMu Marpuibl M /d: gem Girizke 3TH CTENeHN K MATPHIE PABHOMEPHOI'O
nepeMernnBanus (B KOTOPOii BCe 3JIEMEHTBI PaBHBI 1/n), TeM 6oJiee PABHOMEPHO
pacIpeiesieH pe3yabTaT CIIyIaitHOro OJIy K IaHus.

WNsyuarh cremenn MaTpuiibl ya00HO B COOCTBEHHOM 0asmce MaTpuilbl. Mbr
YBUJUM, 9TO B TEDMUHAX COOCTBEHHBIX YUCEJT MATPUIIBI M BBIPAXKAIOTCS MHOTHE
KOMOWHATOpHBIE CcBoiicTBa rpada. Jms Hawamga cremaeM HECKOJIBKO IMPOCTHIX
HaOJIIOICHUIA:

e marpuria M cuMMeTpUYHA U IOTOMY MMeeT OPTOrOHAIbHBIN COOCTBEHHBIN
6a3uc HaJT BEIECTBEHHBIM TIOJIEM, C BEIECTBEHHBIMI COOCTBEHHBIMU 3HA~
UCHUSIMU;

® TI0CKOJIBKY CYMMa BCEX YHCeJI B KaXKJI0i CTPOKe paBHa d, BEKTOP-CTOJIOEI]
(1,1,..., 1)L SABJISIETCSI COOCTBEHHBIM BEKTOPOM M UMEET COOCTBEHHOE 3HA-
qenue d;

e BCce COOCTBEHHBIE 3HAUEHUsI HE IIPEBOCXOJIST d IO MOJLYJIIO: TIOCKOJIBKY CyM-
MBI 3JIEMEHTOB BO BCEX CTPOKAX MATPHUIIBI PABHBI d, TO MAKCUMYM MOLYJIEi
KOOPJIMHAT COOCTBEHHOIO BEKTOPA NP yMHOXKeHUY Ha M yBeanduBaercs
He OoJiee ueM B d pas;



e eciau rpad COCTOUT U3 HECKOJBKUX KOMIIOHEHT CBSI3HOCTH, TO HMEETCs
HECKOJIBKO COBCTBEHHBIX BEKTOPOB ¢ COOCTBEHHBIM 3HaueHneM d (J71st Bep-
[IMH OJJHUX KOMIIOHEHTAX CBA3HOCTU GEpEM eJIUHUIbB, JJId JAPYIUX HyJIn);

® HAIIPOTHUB, €cau rpad CBA3E€H, TO COOCTBEHHBIH BEKTOpP CO 3HAYeHUEM d
€/IMHCTBEHHBII: BO3bMEM MaKCUMAJBHYIO 10 MOJYJIIO KOODJAHHATY 3TOTO
BekTOpa (BepuinHy rpada), OHA PABHA CPEJIHEMY II0 COCEIsM, U IIOTOMY
BO BCEX COCEJIAX JIOJKHO OBITH TO YKe 3HAUYEHUE; TO XKE BEPHO JIJIsT COoCe et
cocesiet, 1 T.J1.;

® ISl JIBY/IOJIBHOTO rpada nMeeTcs cOOCTBEHHBIM BEKTOP CO 3HAMeHnEeM —d:
HaJ0 B OJHOIi J[0JI€ B3sITh €JIMHUIIBI, & B JPYTrOil MUHYC €JIMHUIIBL;

e ecJin UMeeTcsi COOCTBEHHBII BEKTOP co 3HadenueM —d, To rpad uMeeT aBy-
JIOJILHYIO CBSI3HYIO KOMIIOHEHTY (BO3bMEM MAKCUMAJIBHYIO [0 MOJLYJIO KO-
OpPJIMHATY COOCTBEHHOTO BEKTOPA; B €€ COCEIAX OyJIET TO K€ YHCJIO C IPO-
THBOIOJIO?KHBIM 3HAKOM, I TaK JaJIee: CBA3HAS KOMIIOHEHTA 9TOH BEePITNHLI
JIeJINTCS Ha, J[BE JI0JIN).

Ha jexmum MBI BBIMHCIUIN BCE COOCTBEHHBIN |mCsa TOJHOTO rpada ¢ n
BEPIINHAME C TIETJISIMHU.

VYupaxkuenue 5.1 Hatideme 6ce cobcmeentvill wUucAG NOAH020 2pada ¢ N 6ep-
wuHaMy 6e3 nemens.

Yupaxknenue 5.2 Jloxastcume, wmo ecau y d-peeyaapnozo zpaga ecmyv 06y-
Q0NLHAA KOMNOHEHNA CEAZHOCTIU, MO Y €20 MATNPULDL ECTNG COBCMBEHHOE YUC-
a0 —d. (Ha aexyuu mor dokasasu obpammoe ymeepoicoenue: ecau y Mampuybt
epaga ecmv cobcmeennoe wucao —d, mo 6 epage umeemcs 06YJoavHaAA KOMNO-
HEHMA CEAZHOCTIU. )

Yopaxkuenue 5.3 Jlokaoicume, 4mo cnexkmp pe2yiipHozo 2pada cummempu-
Yer OMHOCUMENLHO HYAL M020a U MOALKO moz2da, Koeda 2pagd Asasemcsa 08y-
JoALHBIM.

Yupaxknenne 5.4 Jlokaoicume, wmo cnexkmp aunetinozo onepamopa (cymma
JUAZOHAADHDIT INEMEHTNOE MAMPUYDLL) He 3a8UCUM OM 6b100pa 6a3UCa.

VYupaxknenune 5.5 [lycmo cnekmp epaga G (¢ n sepuwunamu u m pébpamu,
6e3 nemenv u KpamHor pEGEP) COCTNOUM, U3 YUCEA N1, . . ., Ap. dEMY PaBHG CYM-
n
ma Y, N2
i=1
HamomauM Takke, 9T0 MAKCUMAJILHOE TIO0 MOJYJIIO COOCTBEHHOE YUCTIO BCS-

KOM cuMMeTpuvIHOit MaTpuilbl M paBHO MAKCUMyMY abCOTIOTHON BETUIWHBI 01N~
Howenus Pases 110 BceM HEHYJIEBBIM BEKTODPAM:



Hamee, ecmn X1 ecTb COOCTBEHHBIN BEKTOP, COOTBETCTBYIOIINN COOCTBEHHOMY
3HAYEHUIO A1, TO MOJIYJIb BTOPOro (10 aGCOTIOTHON BeJMINHE) COOCTBEHHOE THC-
JIO MATPHUIIBI MOXKET OBITH OIPEIEJIEHO KaK MAKCUMYM MO/TyJisi OTHOIIeHus: Pajiest
110 BCEM BEKTOPaM, OPTOrOHAJIBHBIM X :

|xMxt|
Aa| = max XX 1
el = 3 e

B wacrHocTH, ecom mepBblil cobcTBEHHBIT BeKTOp mMeer Bug X1 = (1,1,...,1),
TO N
M
Dol=  max  EMX
X zitotz,=0 ||x||?

AmnaJloruiHOe yTBEPIK I€HNe BEPHO U JIJIsi COOCTBEHHBIX IHCeJ MATPHUIIBI, YIIO-
PSZIOUEHHBIX [0 YOBIBAHUIO (He 10 aBGCOIOTHON BeJIMINHE):

VYupaxkuenune 5.6 Ilycmv \;, i = 1,....,n —cobcmeernvie “UCAGL CUMMEM-
puuHott mampuys, M, pacnosootcennvie 6 nopadke yoveaHus,

A==

A\

An,

U X; COOMEEMCMBYOWUE UM COOCMEEHHBIE 6exmopbl. Jlokasrcume, wmo O0Af
1=2,...,m
xMxt
A = max TR
X1X1,.., X1 HX||

6 CroekTpaJibHBIA 3a30p M CBOICTBO II€peMeIn-
BaHUS

B 57011 Ty1aBe MBI OITpeIe/INM CIIEKTPAJIBHBIN IKCITAHIED KAaK OJHOPOIHBIN rpad ¢
JIOCTATOYHO OOJIBIIUM CNEKMPANLHbIM 3030POM. MBI U3ydnM IPOCTERIIIE CBOf-
CTBa CIEKTPAJIBHBIX IKCIAHEPOB U MOKAYKEM, 9TO CIEKTPAJILHBINA 3230D CBI3aH
C HEKOTOPBIME KOMOMHATOPHBIME CBOjicTBaMu rpada (CBOHCTBOM «OBICTPOrO Iie-
DPEMEINBAHUS ).

Omnpenenenne 6.1 Pezyaapnoil epad cmenenu d ¢ n 6EpUUHAMU, Y KOMOPO20
6CE COOCMBEHHBLE HUCAA KPOME 00H020 NO AOCONMOMHOUT BEAUNUHE HE NPEBOCTO-
dam yd, 6ydem Ha3vi6aMb CIIEKTPAIBHBIM (7, d, 7y)-9KCIIaHIEPOM.

Ecmm v = 0, 3r0 o3nagaer, ¥To Marpuina rpada sSBIISETCS MATPHUIEH MMOJ-
HOTO TlepeMenuBanus (B KayKI0i KJIeTKe MATPHUITBI CTOUT dyteMenT 1/n). Takoe
BO3MOXKHO JIUITb B ciayuae d = n (Takoii marpuneii obaanaer mosHsi rpad ¢
nerisivn). Ecian ke 3HaYeHHE 7 HOJIOKUTENBHO, HO CPABHUTEILHO MAJIO, 9TO
o3Ha4aeT, 4YTo rpad B TOM MJIN UHOM CMBICTIE 00J1a/IaeT CBONCTBAME «XOPOIIEIro
nepemMernuBanusgy. Jlajgee Mbl JOKaXKeM [IBa yTBEPKIEHUsI, HECKOJIBKO PA3HBIM
CIrocoboM (HOPMATUIYIOITHE ITO COOOPAKEHUE.



JIemMma 6.1 (o mepememmuBanun — expander mixing lemma) /Jas npous-
80AHBE (803MONCHO, NEPecEKAOWUTCR) MHOHcecmea sepuwun A u B 6 cnek-
mpanvhom (n, d, v)-axcnandepe wucao pébep, éedyuwux us A 6 B, evinoansemcs

HEPABEHCTBO
41418
e, 5] - B < a1 B

Samenarue 1: JleMMoii 0 mepeMernBaHuy yA06HO IOIb30BATLCH, KOTIA MHO-
JkecTBa BeplmH A U B 10CTaTOYHO BEJIMKH (KasKJI0€ M3 HUX 3aHMMAET HEKOTO-
pyIo (bUKCHPOBAHHYIO JIOJIO CPEJIH 1 BepHINH rpada), a mapamMerp Y OYeHb MaJl
(3HauuTEsIbHO MeHbLIe, ueM nouu |A|/n u |B|/n). 13 nemMbl ciegyer, 4To 4uciio
pébep MexK Ly Iapoil TAaKUX MHOXKECTB A, B JI0CTATOUHO BEJIUKO, T.€., CHEKTPAJIb-
HBIH 9KCIaHIEP 00JI1aaeT OIPEeIEIEHHBIM CBOHCTBOM «CUJIBHOM CBSI3HOCTH.

3ameuanue 2: JleMMma 0 nepeMeInBaHIYM U FOBOPUT, B YACTHOCTH, YTO OJIUH
mar CiaydaiHoro OJIyKJaHus B CIEKTPAJBHOM SKCIaHJepe (C JOCTATOYHO Ma-
JIBIM 3HATIEHUEM IIAPAMETPA ) JIOBOJIBLHO CHJIBHO MIPUOIIZKAET JII060e HATAIBHOE
pacupejieleHie K PaBHOMEPHOMY. 1T0O0BI 3aMETHTD 9TO, HEPENUIIEM €€ yTBep-
JKJIeHU€e B MEHee CHMMETPUYIHOM BUJIE

BB |B||__ [IB]

d|A| n | ST\ TAl

1715t MHTEpIpEeTAIINT 3TOI'0 HEPABEHCTBA YJI00HO PACCMOTPETH PABHOMEPHOE Pac-
[peJiesIeHust BEPOSITHOCTE Ha TToMHOKecTBe BepiinH A. Mbl BoiOupaem cirydaii-
HYIO BepliuHy u3 A u jeaeM oiuH mar ciydaiinoro Giyxkaanus (mepexomum
1o ciy4vaiino BeilbpaHHoMy pebpy B cocena jganuoii Bepriunbl). KakoBa Bepost-
HOCTH TOTO, 9TO B PE3yJIbTaTe MbI [IOMAJEM B OJHY U3 BEPIINH MHOXKecTBa B?
Mpb! MOXKEM yTBEDPXKIATH, UTO ITA BEPOATHOCTH PAaBHA %47;119)‘. Ecmu 651 nro-
rOBOE PACIIpe/ieIeHIe 0Ka3aJ0Ch PABHOMEPHBIM, TO JAHHAS BEPOSTHOCTH ObLIA
6bl paBHa J0J1e MHOXKecTBa B BO BcéM rpade, Te., |B|/n. Xors Ha camoMm je-
Jie TIoJIydaeMoe PacIpejiesieHUe U He SIBJISIETCS PABHOMEPHBIM, HO BEPOSITHOCTH
MOTIACTh U3 CJIyYaifHOi BepmmHa A B KaKyo-HUOYIb BEPIIHHY MHOXKECTBa B
OTJIMYAETC OT <«MJeaJbHO» BepoaTHOCTH |B|/n menamuoro — ue GoJjiee, yeM

Ha 1Bl
T\ T4l

Hoxazamenvemeo aemmos 0 nepemewusanuu: Obosnaanm 14 n 1p xapakre-
pucTudeckue BeKTopbl MHOXKeCTB A u B (i-asg KoopauHAaTa COOTBETCTBYIONIEIO
BEKTOpa PaBeH eJIWHUIE, eCJU i-as BeprinHa rpada npunaiexxur A wmun B
COOTBETCTBEHHO; 3HAYEHNE KOOPAUHATHI DABHO HYJIIO B IIPOTUBHOM CJIydae). 3a-
METHM, YTO CyMMa KBaJpPaTOB KOOPJUHAT BEKTOPA 14 €CTh B TOYHOCTU UUCJIO
3JIEMEHTOB B MHOXKECTBE A; aHAJIOIMYIHO, CyMMa KBaJIPaTOB KOOPJIMHAT BEKTOPA
1p ecTh B TOYHOCTH YHUCJIO 3JIEMEHTOB B MHOXKecTBe B. CJiefoBare/ibHO, €BKJIN-
JIOB& HOPM& 3TUX BEKTOPOB €CTh KBAJIPATHBIA KOPEHDb U3 YHCJIA JIEMEHTOB B A
u B cOOTBETCTBEHHO,

Lall2 = VAL [[15ll2 = V/IBI.



Eciiu M — marpuria rpada, To gucio pébep, peaynmux u3 A B B paBHO
|E(A, B)| = 1aM15 (1)

Mpbl O/KHBI ONEHUTH 3TY BEJMUHUHY, UCIOIB3Ysl OMPEEJIEHUE CIIEKTPATHHOTO
SKCIIAHIEPA.

Ilycts eq,...,€, — OPTOHOPMHUPOBAHHBIN COOCTBEHHBIN Oasuc maTpuiibl M
3ajaHHOrO rpada, a Ai,..., A\, — COOTBETCTBYIOIINE COOCTBEHHBIE YUCIA. By-
JIEM CYUTATDH, YTO COOCTBEHHBIE YUCTIA YIIOPSAI0YEHBI 10 YOBIBAHUIO abCOTIOTHOM
BEJINIUHBL:

)

IIpu sTom
1
(S31 % (1, 1, s 1),
aX =d,u|\| <vd muai > 1. Paznoxum BekTopsl 14 u 1p 1mo cobcrBeHHOMY

bazucy: 14 = > a;e;, 15 = >, b;e;. [Tonygaem
|E(A,B)| = 1,M13 = (i aiei)M(i bie;)*t
i=1 =
Bbiesmy nepsbiit wiien u3 cymust ([I):
|(Ampﬂm‘m+ZAb

Ocraercs OIEHUTH CYyMMY BCEX OCTAJbHBIX 4JIEHOB 3TONW CyMMDIL.

|E(A, B)| — d|AT|L|B|‘ = i Aiaibi| < vd| i a;b;|

i=2 i=1

d-|1allz- 1Bz = vd-+/|A]B],

1 JIeMMa JOKa3aHa.

VYuopaxkuenue 6.1 ITyemo zpap G asasemes cnexmpanvrom (0, d,y)-sxcnan-
depom u mrodcecmeo S cocmoum u3 n/2 sepwun amoezo epagda. Pacemompum
caedyrowee pacnpedesenue 8ePOAMHOCTMEN: GHIOEPEM CAYHATUHO SEPULUNY U U3
S (xaorcdas eepwuna 6uOUPAEMCA ¢ BEPOATNHOCTDIO ﬁ), a 3amem evibepem
cayuaiinozo coceda v. B pesyavmame amoti npoyedypu, Mol NOAYUUM HEKOMOPOE
pacnpedesenue 8epoAMHOCMEl 1A BEPULUHAT 2pada, KOMOPOE Mol 0003HANUM
(p1,- -+ s0n)- Hoxasicume, wmo smo pacnpedeaenue BAUSKO K PABHOMEPHOMY 6

CACOYIOULLM CMBICAE:
n 2
Z 1
" n

i=1

N

¥’ /n

3aMeuaHme: 9Mmo YmMEePHcOenue ewé pa3 nokasueaem, wmo dadice 00uM waz
CAYUaTiH020 baysCcOaHUA HA IKCNGIEPE HAMUMEADHO NPUOAUNCAEM UCTOOHOE
pacnpedeserue K pasHOMEPHOMY.
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