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1. Teopus BeposATHOCTEM

1.1. HamomuHaHUAa

+ BepoATHOCTHBIN aITOPUTM MOXKHO cebe MPe/CTaBIATh TaK: /10 Hayasia paboThl BRIOUpAET-
Csl CITy4aiiHbIM 00BbEKT (CKaXKeM, JJIMHHAsE OUTOBAsI CTPOKA), M TTIOTOM OH MCITOJIb3yeTCs B
aJITOpPUTME.

+ CirydyaiiHbINI OOBEKT 3aJaETCs1 8epOAMHOCMHbIM npocmpancmeom (Q, F, P). 3necy Q —
MPOCTPAHCTBO MCXO/I0B, KOTOPOE MbI Oy/IEM CYUTATh KOHEUHBIM, F — HEKOTOpOe ceMeii-
CTBO IMOJMHOXXECTB (2, KOTOPbIe Ha3bIBAIOTCA COObLMUAMU, & P — QyHKIUS, KOTOpas KaX-
ZIOMY COOBITHIO CTABUT B COOTBETCTBHE YU CJIO. [IJIs1 TAKMX IIPOCTPAHCTB eCTh aKCHOMBI KoJl-
MOT'OpOBa, HO B KOHEYHOM CJIydyae COOBITUSI — 3TO JIF0Oble OJMHOXECTBA 2, KaXKAOMY
rcxoay u3 Q) mpucBOeHa HEKOTopast HeOTpUILaTeIbHAsl BEPOSTHOCTbD, a P(X) — 3T0 cymMa
BEPOSTHOCTEN BCEX UCXOZ0B 13 X.

Hampumep, ecau aaroput™M UCIosbdyeT N ciydaliHbIX OUTOB, TO () COCTOUT U3 BCEX IT0-

c/efioBaTebHOCTE N HysIeil U eMHUL, U Kaxablid u3 2N 1CcX0/0B UMeeT BepOATHOCTb
27N,

o Jlnst 6ecKOHEYHBIX () — CKaXkeM, oTpe3Ka [0, 1] ¢ paBHOMepHBIM paclipefieieHueM — CH-
Tyalus CJIOXKHee, y)Ke He BCe TTOAMHOKECTBA OYAyT BXOAUTH B F, a TOJIBKO U3MEpPUMBIE
(1o JIeGery), a BEpOSITHOCTh MHOYKECTBAa — €ro Mepa. [l pacrpesiesieHUsi ¢ HeKOTOPOt
TUIOTHOCTBIO HaZIo OpaTh He Mepy, a UHTerpaJl 1o (M3MepruMOMY ) MHOXKECTBY OT (PYHKIIH
TJIOTHOCTH.

« 3HaueHUe cAYy4aliHOoll 8eAUMUHbL 3aBUCUT OT TOTO, KAKOI MCXOA BbIOpaH, TO €CTh CIydaii-
Hasl BeJIMYMHA ecThb PyHKIUsA X : Q — R (#/151 KOHEUHBIX ITPOCTPAHCTB — Jto6as). Ha-
MIpUMep, AJIs1 IPOCTPAHCTBA GUTOBBIX CTPOK AJIMHBI N UKCJIO €IUHUIL] B CTPOKE SBJISIETCS
CIIy4alHOM BeJIMYUHOU. ECaii S — HEKOTOpOe MHOXKECTBO, TO BEPOSATHOCTD ITOITafaHusd X
B S ompejiesisieTcs Kak BEPOATHOCTb MHOXKECTBA TeX UCXOZ0B, KOTOPble 0TOOPAYXKAIOTCS B
S:

Pr{X € S} = Priw : X(w) € S}

o Eciin X(w) — 4KCI0 eAUHULL B TPEXOUTOBOI CTpPOKe w, To X MPUHUMAET 3HaUeHue 2 C
BEpPOSITHOCTBIO 3/8, MOTOMY UTO €CTh POBHO TPU CTPOKH C ABYMS €JUHUIIAMU.

« Union bound: BepoATHOCTb COOBITHS “A M B” He 60Jbllle CYMMBI BEPOSITHOCTEH COOBI-
™I A U B:
Pr(A U B) < Pr(A) + Pr(B).

(TIpaBast 4aCTh MOXKET OBITH OOJIBIIIE 32 CYET OJJTHOBPEMEHHOT'O BHITIOJIHEHUS A U B).

+ YcnosHas eeposimHocmb cOObITHS A TIpY YCJIOBUM COOBITUSL B ompepesseTcs Kak Pr(A N
B)/ Pr(B). /111 paBHOBEPOSITHBIX MCXO/IOB 3TO J10J1s1 A-UCXO/I0B Cpe/ii B-Ucxo710B. DTO UMe-
eT cmbica mpu Pr(B) > 0.

+ CoObiTus A U B HezaBucuMbl, eciu Pr(A|B) = Pr(A), To ectb Pr(A N B) = Pr(A) - Pr(B).

+ CoObITust Ay, ..., Ay, NONAPHO HE3ABUCUMDL, €CTTU A; U Aj HE3ABUCUMBI TIPU JIFOOBIX i # j,
TO €CTh
PI'(Ai N Aj) = PI'(Al) : PI'(AJ)



o CoObITHS Ay, ..., A,; HE3ABUCUMDbL 8 COBOKYNHOCMU, ECJTA
Pr ﬂA,. =[] pr(ap
iel iel

« CiyyaiiHble BeJIMYUHBI X1, ... , X, HE3AaBUCHUMBI, €CJIU JJI51 TIOObIX MHOXKECTB Sy, ..., S;, BbI-
TIOJIHAETCS paBEHCTBO

PI‘(XI (S Sl’ ’Xl’l (S Sn) = PI‘(XI (S Sl) T PI’(Xn (S Sn)

» Unouxamopom cobbiTusi A Ha3biBaeTcs pyHKUMS 1 4, paBHAs eIUHUIIE BHYTPU A U HYJTIO
BHE:
1,w € A;

V(@) = 0,00 & A.

+ CoObITHUS Ay, ... , A;, HE3aBUCUMBI TOT/Ia U TOJIBKO TOT/Ia, KOTIa
Pr(]]Al = 075 eee s ﬂAn = O'n) = Pr(]]Al = O'l) e Pr(T]An = O'n),

Jisl BCeX 07, ...,0, € 0, 1 , UTO 9KBUBAJICHTHO HE3aBUCHMOCTU MHANKATOPOB 3TUX COOBI-
1 n
TUH.

« TTomapHasi HE3aBUCUMOCTh C1abee He3aBUCUMOCTH B COBOKYITHOCTH (ITpumep: aBa He3a-
BUCHUMBIX OMTA U KX XOT).

« Mamemamuueckoe oxcuoarue CIydaiiHON BeJTMUUHBI X OIpeiesIsieTCsl Kak

E[X]= ), X(w)Pr(w) =, Pr(X = x) - x.

wed b

(CpeaHIOI0 3apIUIaTy MOYKHO BBIYUCIATh CYMMUPOBAHUEM 110 PAaGOTHUKAM WJIU KaK CyM-
My IPOU3BEJEHUN KaXK0l 3apIjlaThl HA JI0JII0 paOOTHUKOB C TAaKOW 3apILJIaTOM. )

. HJISI OECKOHEYHBIX IIPOCTPAaHCTB U BEJIMYUH C 0ECKOHEYHBIM YKCJIOM 3HAaYEeHUI AJIsA BbI-
YHCJICHUSA MATEMATHUYECKOI'O OXKNAAHWA HY>KHO MHTEI'PUPOBATh.

« MaTremaTuyeckoe OXXKUAAHUE AUHELHO:
ElaX] = a E[X]
JUISL CJTy4YaHOM BEJIMYUHBI X U YMCJIa O, & TAKXKE

E[X +Y] =E[X]+E[Y]

« Kaxk u 151 union bound, /1151 TMHEMTHOCTHY He HY>KHA HE3aBUCUMOCTb (COOBITU/BEJIUYNH).

 Jlucnepcus ciaydailHON BeJTMYUHBI X Ompe/iessieTcs KaK CpeJHUN KBaipaT OTKJIOHEHUS OT
CpeJIHero:
Var[X] = E[(X — E[X])’]

« JIpyroe BbIpa)keHUE:
Var[X] = E[X?] - (E[X])?



o Jl11 HE3aBUCUMBIX BEJIUYUH X U Y

E[X -Y]=E[X]-E[Y];
Var[X + Y] = Var[X] + Var[Y].
HesaBucuMocTs cyijecTBeHHa: y X + X gucnepcusi BYeTBepo 60sblie, yem y X.

« YCa08Hoe mamemamuueckoe oxcuoaHue BeJTMIUHBI X TIPH YCI0BUU A (BCe B OJTHOM ITIpO-
CTPAHCTBE) OTIPe/IesITeTCs KaK

Pr(w)
Pr(A)

E[X|A]l = ). X(w)Pr(w € A) = ), X(w)
w weA

(orpaHUYMBaeMcs UCXOZaMU B A 1 KOPPEKTHUPYEM BEPOSITHOCTHU JiesieHreM Ha P(A))

¢ Mo>XHO HanucaThb
E[X-14]

ElX|Al = Pr(A)

« MO>XHO pacCMOTpeTh MaTeMaTHYeCKOe OXKU/IaHNEe BeJTMYMHBI X, [TPU YCJIOBUM YTO ApyTras
BeJIMUMHA Y paBHa k:
EIX|Y = k]

9TO MaTeMaTUYeCKOe 0XKMJJaHNe 3aBUCUT OT k, M €CJIM B KaueCTBe Kk B3SITh 3HaUE€HMUE Y, TO
TTOJTYIUTCST HOBAsI CIydaiiHast BeJTMYMHA, KOTopast o603Havaetcs E [ X |Y]. Apyrumu cioBa-
MU, MBI yCpeHsAeM X 110 MHOXXECTBAM YPOBHS BEJIMYUHBI Y.

« Hepagericmgo Mapkosa: i1 HEOTPULIATEIbHOU CIydyaliHOM BeJIMYMHBI X U JTI000U rpaHu-
1bl £ > 0 BepHA OLIeHKa:

EX

Tt

(mosist TrO/IEM C 3apILIaTOl BTPOE OOJIbIe CpeIHEH He MTPEBOCXOUT 1/3 — MHaUe y)Ke OHU

namu 661 60JIbIlIee Cpe/iHee; BCE 3TO IPU YCIOBUH, YTO 3apIljlaTa HEOTPUIIATEIbHA).

PriX > t} <

« HepaseHcmago Yebbluiésa: st 1r000 CoTydaliHOM BeJIMYUHBI X Y TPaHUIIbI ¢ > 0 BBIMOJI-
HeHa OIleHKa Ha BEPOSITHOCTb OTKJIOHEHUS ¢ WJTH OOJIbIIIE:

Var|X
Pr{|X — EX| > (] < %
(mpuMeHsieM HePaBEHCTBO MapKoBa K KBaJ[paTy OTKJIOHEHHS OT CPEJHETO)

« DTO HEPABEHCTBO I03BOJISIET [JOKA3aTh IIPOCTOM BApUAHT 3AKOHA 00AbULUX HUCen: €CTTU
X1, ..., X, — HE3aBHCHUMbIE OIUHAKOBO pacIIpe/ieIEHHbIE CITydaliHble BEJIMYMUHBI, C MaTe-
MaTHU4YeCKUM okuzianueM E (oluHaKoOBbIM), a S, = X; + ... + X,;, TO

Pr{|S,/n—E| > ¢} > 0

Ipu h — o0 JJIsg JIF060r0o uKcUpoBaHHOrO ¢. (MaTeMaTUdeckoe OKUJaHue S, /n paBHO
E, a gucniepcusi yobIBaeT IMPONOPIIMOHAIBHO 1/1.)



1.2.

3amaumn

. ECTp n He3aBHCHUMBIX CIy4aliHbIX BEeJIMYMH, TPUHUMAIOIIMX 3HaUYeHus 1 1 —1 ¢ BeposiT-

HoCThIO 1/2. Haligute MmaTeMaTuueckoe oxxujganue (X; + ... + X n)k npu k =1,2,3,4.

. IlocsepoBaTebHOCTD R;,, HAYMHAeTCAI CR; = 1,R, = 5,R; = 12,a3ateM R, 3 = Ry, +

3Ry, 41 + 5R,,. OneHure poct R, (Fokaxkurte, HampuMep, 4to R, < 3".

. Hafiure cpesHee 4MCI0 HETIO/IBUYKHBIX TOUEK B CIyYaliHOH MepecTaHOBKe (CydaiitHOM

OUEKIIUU N-3JIEeMEHTHOTO MHO)XeCTBa Ha ce06s1, Bce 1! BApUAHTOB PABHOBEPOSITHBI).

. YecTHyI0 MOHETYy 6pocaroT n pa3 (OpJibl U PelliKyd paBHOBEPOSTHBI, OpOCaHs He3aBUCH-

MbI). OIIeHUTE CBEPXY BEPOSTHOCTH TOTO, YTO JIOJIST OPJIOB OyAeT He MeHee 60%, TTOKa3aB.,
YTO OHA HKCITOHEHI[UATHHO YOBIBAET C pOCTOM 1 (TO eCTh MMeeTcst orieHka O(c™) mpu c < 1).
CoBeT: CpaBHUTE C JIPYTUM pacIipeieJIEHUEM BEPOSITHOCTEMH, I'/le BEPOSITHOCTD opJia 60%.

. VImMeeTcst KoMITpeccop, KOTOPBIA COKUMAET N-OMTOBBIE CTPOKH 6e3 ToTeph (TIpeobpasyer

CTPOKY B JIPYTYIO, IIPOM3BOJIBHOM JIJIUHBI, I0 KOTOPOU MOXKHO BOCCTAHOBUTH HMCXO/THYIO
— TaK YTO peajbHO OH MOXXET HEKOTOPhIE CTPOKU U YJJTUHSITh); JIsl ITIPOCTOTHI CUMTAEM,
YTO Ha CTPOKAaX JIPYroii JIUIMHBI OH HE OMPeEEH. «DKOHOMUEN» JIJIST CTPOKU K CYUTaeM
yMEHBIIIEHNE JJTUHBI IIPU CKATUU (U HYJIb, €CJIM CTPOKA OCTAJIaCh MPEXKHEN JAJTUHBI WU
VIJIMHWIACH). TIOKaXUTE, YTO CpefHssi SKOHOMHUS (TT0 BCEM n-OMTOBBIM CTPOKaM) e€CThb
o(1).



2. XeurupoBaHuUue

2.1. CiroBapu

CrnoBapsb (dictionary) — cTpyKTypa JAaHHBIX, XpaHsIas Mapbl (K104, 3HaYEHUe), N3HAYaTbHO
TyCTasi, ¥ MO/IePIKUBAIOIIAsT OTIEPAITUU:

« Add/Insert (key, value): 1o6aBUTb HOBYIO TIapy (K104, 3HaUEHHE) B CJIOBApPb;
« Find (key): HaiiT 3HaUeHUE, COOTBETCTRYIOIIIEE JJAHHOMY KJTIOUY;
+ Delete/Remove (key): yaaiuTh mapy ¢ JaHHBIM KJTIOYOM;

« Update (key,value): 06HOBUTB 3HaUEeHUE /I KJTt04a key, c/iesiaB ero paBHbIM value.

MO>KHO XpaHUTh TTapbl B MacCHUBE, HO IMOUCK KJIF0Ua JI0JITHUH (B CpeZiHeM MOJIOBUHA JJTUHbI
MAaccHBa).

JlOITyCTHM, MBI XOTUM XPaHUTh CIIMCOK I0JIb30BaTesIel: 10 UAEHTU(PHUKATOPY 10JIb30BaTe-
Jisl HaZI0 HAWUTH JJaHHBIe 0 HEM. 9TO TUIIMYHAS 3a/ia4a A1 6a3 ZaHHBIX. OOBIYHO /111 3TOTO UC-
TIOJIB3YIOTCS COQIAHCUPOBAHHBIE JiepeBbs MoMcKa (ckaxeM, red-black tree, nuiau ABJI-nepeBbs,
Ha MpaKTHKe MpU paboTe C IUCKOM YA00HBI B-iepeBbsi), MOXKHO UCTIOJIb30BATh SKip-JIMCTHI.

OOBIYHO AJI51 3TUX CTPYKTYP JAHHBIX BpeMs JIorapu(pMUUIeCcKoe 110 YUCITY KJIFUeil.

2.2. Xemr-taGJIMIbI

MO>XHO 711 TPUAYMATh UTO-TO ObICTpee (eC/IM CTPYKTypa AaHHBIX B MamsATH)? Kak, ckaxxeM, KOM-
mwtsitop Clang (LLVM) xpaHUT Tabauiny uaeHTUPUKATOpoB? OH UCHOJIb3YeT Xell-TabIUuIbI,
KOTOpBIE ITO3BOJISIIOT BBITIOJIHATH OTIEPAI[UU OMUCAHHbIE BbIlIe 32 BpeMsi O(1) «B cpeiHEM».

J1J1s1 Havasia MpeATIoIoKHUM, YTO HaM U3BECTHO MaKCUMaJIbHOE YHCIIO m Kiatodeit. Co3maaum
MAacCCUB pa3Mepan ~ m u3 «kop3uH» (buckets), n 6ygem Tam xpaHuTh rmapsl (key, value). Tounee,
MBI OyZieM pacCMaTpHBaTh BApUAHT, KOIJla B KOKJION sAueiike XpaHUTCS OZHOCBSI3HBIN CIIMCOK
TeX Tap, KOTOpPbIe «I10JI0YKEHO» XPAaHUTD B HEM.

ITycTb ecTh Xeu-(pyHKIIUS, TO €CTh KaKasi-To (GyHKIMSA h, KOTopast 0ToOOpaXkaeT BO3MOXKHbIE
3HAYEHUsI KJIroueil B [0, n), ¥ JOTOBOPUMCS, YTO IAPbI C KIIOYOM X HAJI0 XPAaHUTH B sSTYEiKe HO-
mep h(x).

Jo6aBsieHue: y3HaéM KyZa U 100aBJisieM B COOTBETCTBYIOIIMU CITHUCOK (B JIF0O0€ MECTO)

[Touck kIroya: 3HaeM, B KAKOM CITUCKe UCKAaTh — U UIlleM (JIMHEHHBIM [OUCKOM)

YpaneHue 37eMeHTa C KJIIOUOM: 3HaeM, B KaKOM CITMCKe, UIlleM U yjjajisgeM (CIUCOK OHO-
CBSI3HBIN, HO BCE paBHO O(1) AeiicTBUiA)

YTOo MBI XOTHUM OT XelI-pyHKIMKU? X0poI1Io 661 0HA 0TOOpaXkasia KOKABIN K04 B CBOIO sTUeii-
Ky («coBepreHHas» xem-GyHKIus). Torga HuKakux mpoosem 1 O(1) onepanuii. Ho 310 cBOM-
CTBO H€ TOJIbKO (PYHKILIMH, HO Y XPAaHUMBIX KJIH04eil — U rapaHTUPOBATh 3TO MOXKHO, TOJIBKO
€CJIM YMCJI0 BO3MOXKHBIX 3HAUEHUI KJIF0Uuell MeHbllle Yuca siyeek (MHOT/a TaKoe M0JIe3HO, HO
penKo).

Jl1st 110601 XelI-PyHKIIMU ¢ 60JIBIIUM MHOXXECTBOM KJII0YEH MOYKET 0Ka3aThCs, UTO BCE pe-
aJIbHO BCTPETHUBILNECS KJIIOUM IO B O/IHY STUEHKy, 1 Xell-TabJInIa IPEeBPAILaeTCs B CIIUCOK.

2.3. Cuayuaiinbie xem-(pyHKIIUH

Npest: 6yaeM BbIOHUpATh Xell-QyHKIIUIO CIyIaliHO B KAaKOM-TO Kjiacce pyHKimii. Toraa 4ucio
JlericTBUi (TpU BBHITIOJTHEHUHU JJAHHOU T0CJIE/IOBATEIbHOCTH OOpallleHUH K CTPYKType) OyzaeT
CAy4yaitHON BEUYMHOIN, U UTOOBI OIIEHUBATh €€, HYXKHbI MPEATIONOKEHUSI O TOM, KaK Xelll-
(byHKIIMS BEIOMpAETCS.



« BMozesnu cayuatinozo opakyaa Xem-(QyHKIIUS paBHOBEPOSITHO BEIOMPAETCS U3 MHOXKECTBA
Bcex QYHKIUI C n 3HAYEHUSIMU: JIJIs KXKIOT0 KJIroJa X 3HaueHue h(x) paBHOMEPHO pac-
npezesneHo B {0,1,...,n — 1}, ¥ TIpu pa3HBIX X TU CJydaiiHble BEJIUIYUHBI HE3aBHUCUMBI.
OYHKIMI TAKUX MHOTO, U XPaHUTh TaKyI0 (PYHKIIUIO CII0YKHEE, UeM BCIO CTPYKTYPY JaH-
HBIX, TAK YTO 3TO CKOpPee MOJIEb JIJIST aHAJIN3a, YeM PeaTbHbIN aJITOPUTM.

* MOXXHO B35ITb MEHBbIIIEE CEMENCTBO, COXPAHUB HEKOTOpHIE I10JIe3HbIe CBOMCTBA. ITycTh
eCTb ceMeNCcTBO (PyHKUUH H, U3 KOTOPOro MBI BHIOMpaeM paBHOBEPOATHO HEKOTOPYIO
dynkuuto. TpeboBaHUe yHUBepCAAbHOCMU: /IS IFOOOU ITaphl KII04Yel X # Y BepOSITHOCTD
KOJUTU3UM JIJISL 3TOM Maphl U CIy4aitHO B3siTOoM (pyHKIMU U3 H He 6osblie 1/n:

VxVy (x#y)=> hlgq[h(x) = h(y)] < 1/n.

CrygaliHBIi OpaKyJI 3TUM CBOHCTBOM obOsazaet: h(x) u h(y) HeE3aBUCUMBI U pABHOMEPHO
pacrpeziesieHbl HA MHOXKECTBE U3 N 3JIEMEHTOB U II0TOMY PaBHBI B TOUHOCTU C BEPOSITHO-
CThiO 1/n.

Ho MO)XHO TIOCTPOUTD TOpPa3/i0 MEHbBIIINE YHUBEPCAIbHbIE CEMEMCTBA.

2.4. OneHKa BpeMeHMU IOUCKa

ITycTh AAHBI KJIIOUU X, ..., X, (PA3JIUYHbBIE) U KIIOY Y (BXOAALUIMN WIN HEe BXOASIIUN B 3TOT
CIHMCOK). Bo3pMEM cityualiHyIo Xxeu-(pyHKINIo i U3 YHUBEPCATbHOTO CEMENCTBA U IIOCMOTPHUM,
CKOJIBKO OTIepanuii MoHaJOoOUTCS AJIs TIOUCKA ) TIOCJIE TOTO, KaK B TabuIly OyJieT IOMeeHbI
KJIFOUU X7, ... , Xpp. ITO UUCJIO — CJIyyaifHasi BeJIMUMHA (Ha MPOCTPAHCTBE Xell-(QyHKIUN), 1
Ka)kJj0ro Habopa KJtoyeit CBosl.

o m-—1
TeopeMa 1. Mamemamuueckoe oxcudaHue 3moll 8eAUUUHbL eCMb O(— + 1).
n

Joxazamenvcmeo. OLIEHUM BpeMsI TTOMCKA KJII04a Y. MBI JOJDKHBI BBIYUCIUTD h(Y), 0OBIYHO
3TO HECJIOXKHO, TaK 4YTO cyuTaeM 310 3a O(1) onepariuii. [Tocsie 3TOro HaJ[0 UCKATh KJIFOY, U 3TO
BpeMsI IIPOTIOPIIUOHAJILHO pa3Mepy criucka (kop3uHbl).[] [IoaToMy Ha/lo MTOHSTh, KAKOBO MarTe-
MaTHUYeCKOe OKUIaHUE pa3Mepa CITUCKa B siueiike h(y) (HAaIIOMHUM, UTO Y U X; QUKCUPOBAHHI,
a MatokuzaHue 6epercs no h). To y0O6HO cAeIaTh C MOMOIIbI0 UHANKATOPOB U JIMHEHHOCTU
MAaTOXXKUJIAHUSI: pa3Mep CITMCKa (YUCJIO X;, TIOTIABIINX B STYEUKY K y) paBeH

m
3T 1(h(x) = ),
i=1
110 IMHEMHOCTU €0 MaTEMATHUUYECKOE OXXHNAaHHE PaBHO
m
STE(h(x) = h(y),
i=1

a BXOJSIIME B CYMMY MaTeMaTUYeCKUe OXKUJIaHUSI MHAUKATOPOB (TO €CTh BEPOSITHOCTU COObI-
TUH) He GoJIbIle 1/n, KpOME TOTO €IMHCTBEHHOTO MECTa, TJE X; = ), €CJIU TaKoe eCTh — TaM

m—1
9TO MAaTEMATHUYECKOE OXKMAaHHE PABHO 1. HOBTOMy CymMMa HE 0oJIBIIIE O(— + 1) (B KOHCTaHTY
n

MOXHO TToMecTUTh U O(1) eiicTBUA, 0 KOTOPBHIX Mbl TOBOPUJIU paHbllle). B TUTUYHOM CIy4yae
m < n, U TOT/Ia BIpa)KeHUe B CKOOKaxX He OoJibiile 2 — moJrydaeTcst O(1) omepanuii (B cpeHeM
1o h). [

Ta xe OL€HKa ITPUMEHHNMaA U K OII€pAUAM YAAJI€EHUA NN ,ZLO6aBJIeHI/IH.

1CTporo rosopsi, emé HyxHo O(1) omeparuit Ha 06paboTKy KOHIIA CITUCKA — JIaXKe €CJIU CITUCOK TIYCT, HA/0 B
3TOM yOeTUThCS.



2.5. Rehashing

YTo fenaTh, €CJIM 3apaHee YUCI0 KITI0UYeil HEeM3BECTHO (KOMITUIISITOP He 3HAET, CKOJIbKO OyIeT
ugeHTUduKaTopoB)? Korga 4uciio Kitoueid JOCTUTaeT pa3Mepa TaGJIMIbl, MOYKHO 3aBECTH HO-
BYIO TaOJIMITY, CKa)KEM, BJIBOE OOJIBIIIETO pa3Mepa, U BCE 3JIEMEHTHI 10 OTHOMY IEPEHECTH B HEE
(rehashing). 9To goporoe aeficTBue (0XXKUAaEMOe BpeMsi TPOIIOPIIUOHAIBHO YHCITY 3JIEMEHTOB).
Ho 3aT0 OHa BBITTOJTHIETCS PEAKO, U «aMOPTU3UPOBAHHOE» YKCJIO OIIEPAIIU TIO-TIPEXKHEMY JIK-
HEWHO.

ITycTh MBI ITepENMChIBAEM TAOIUILY, €CJIU YUCJIO 0OABIEHHBIX 3JIEMEHTOB JJOCTUTHET CTelTe-
HU IBOUKH. Torga pa3Mmepbl Tabsu1 6yayT 1, 2, 4, 8, ... (KOHYAETCS Ha CTETTEHU JBONKU, OOJTbIIIEH
m), u Bpemsi Ha rehashing He 6osbiie 1 + 2 + 4 + ... + m < 2m (IOCJAEAHIOI TaGIUILy yoKe He
HaJI0 MEePEMUCHIBATh). TaK YTO CyMMapHO€e BPEMS OCTAETCS JIMHEUHBIM 10 M.

3. YHuBepcajJbHbIE CEMENCTBA: IPUMeEPbI

3.1. AddunHBIE 0TOOPAKEHUS 110 IIPOCTOMY MOIYJII0

[TycTh KJIFOUM BBIOMpPAIOTCS U3 MHOXKecTBa {0, 1, ..., N — 1}, a Tabmiia umeet pasmep n < N u
WH/IEKCUpYeTCs uncaamu us {0, ..., n}.

Kak nmoctpouts yHUBeEpcabHOe ceMeiicTBo? Teopema YebbImiéna (rmoctynaT beprpaHa) rmos-
BOJISIET BBIOpATh ITpocToe uncyo p oT N 10 2N. B kauecTBe xell-(pyHKIIMU BO3bMEM (PYHKIIUIO

X = hgp(x) = [(ax + b) mod p] mod n.

r/le a U b — cayvaliHble OCTaTKU 10 MOAYJIIO p, TpuuéM a # 0 (Bcero (p — 1) p paBHOBEPOSITHBIX
BapUaHTOB.

Teopema 2. Dmo yHugepcaabHoe ceMelicmao.

Hoxazameavcmeo. Ilyctb x,y € {0, 1, ..., N — 1} — 1Ba pa3muuHbIX Ki1roda. Hamo orieHUTh Bepo-
ATHOCTb KOJIJIM3UU, TO €CTh OLEHUTD YMCJI0 1ap (a, b), mpu KOTopeIX Ay, p(x) = hg p(Y).

[TycTh cHauas1a HeT MocJieiHel orepariuu (JieJieHus Ha n ¢ ocTaTKoM). [1oJTy4daroTcst iBe CITy-
YalHBIX BEJIMYUHBI U = aXx + b mod p u v = ay + b mod p — dyHKIMHK OT Kcxoxa (a, b) (a
KJTIOYU X U y GUKCUPOBaHBI). [IOCKOJIbKY p IIPOCTOE, TO TYT BCE OUEHDb PETYJISIPHO, OCTATKH I10
MOJIyJI0 p 00pasyIoT 1oJe Z p.

Kak pacnpenesiena mapa (u, v)? B TepMuHax JTMHEHHOU are6pbl MOXKHO CKa3aTh, YTO OTOO-

()= ()06 )6

SIBJIIETCS. HEBBIPOXK/IEHHBIM JIMHEIHBIM OIIepaTopoM (OIpesie/IuTesb paBeH X — Y # 0), u 1o-
TOMY SIBJISIETCSI B3AUMHO OfIHO3HAYHBIM OTOOpaXKeHUeM Z ,, — Z B Ce0st, IPU KOTOPOM TIO/TIPO-
CTpaHCTBO @ = 0 (KOTOpoe Mbl BBIOPOCUJIM) COOTBETCTBYET MOANPOCTPAHCTBY U = v. Eciiu He
BEPUTH B JIUHEWHYIO ajire6py, MOXKHO SIBHO PELIUTh CUCTEMY ypaBHEHUM, U oO6paTHOe oToOpa-

JKeHue OyJieT
al 1 1 —-1\[(u
b]  x—-y\-y x)\v

[To3TOMy HaM OCTaJIOCh JIOKAa3aTh TAKOE YTBEPIKIEHUE: O6epéM 08a CAYHATIHbIX PA3AUUHBLX S.1e-
menma Z ,; 8epOsSIMHOCMb M020, 4MO OHU CPABHUMDbL RO Mo0yar n, He 60abute 1/n.

3TO0 caeAyeT U3 TOro, U4TO JJisd JII0O0T0 3jieMeHTa U € Z BepPOATHOCTb TOTO, YTO CIyYaliHO
B3SITBIU JIPyTOH 3JIEMEHT CPAaBHUM C U TI0 MOAYJIIO 1, He 6oJblie 1/n.




DJIeMeHTbI, CPAaBHUMBIE C U, 00pa3yloT apu(PMeTUIECKYIO TPOTPECCUI0 € IIarom 1. CKOJIbKO
13 HUX T0MajaeT B uHTepBai {0, 1, ..., p — 1}? Ilycth 31O

uw,u'+n,u +2n,..,u,...,u +kn

IpU KaKoM-To k. Torga ux k (66110 k4 1 11 0IH BEIYEPKHYT), U kn < p—1,Toectbk < (p—1)/n.
Bcero 3/1eMeHTOB, OTJIMYHBIX OT U, UMEETCST p — 1 LITYK, TO €CTh JI0JIs He 6oJiblie 1/n, 94To U
TpebOBaIOCh JJOKA3aTh. O

3aueM HaM ObLIO HY)KHO, YT0ObI N < p < 2N? IlepBoe HEpaBEeHCTBO HY>XHO, UYTOObI pa3HbIe
KJIFOUM OBLIU PA3HBIMU 3JIEMEHTAMU T10JISI — a BTOPOE He HY>KHO BOBCe (HO YeM MeHBbIIIE p, TEM
MeHbIlIe (GPYHKI[UI B ceMefiCTBe — HY>KHO «MEHbIIIe CITyJalfHOCTU» ).

[TepBbIii AT — MEPEeXOf K p — MOXKHO OOBSICHUTD TaK: YHUBEPCATIbHOE CEMEHCTBO OCTaHEeT-
Csl yHUBEPCAJIbHBIM, €CJIM HEKOTOPbIe KJIFOUM BIOPOCUTD, TAK YTO MOXKHO HA4aTh C 60JIBILIETO U
«60Jiee PeTyJIIPHOTo» C aIre6panyecKoil TOUKU 3peHUs] MHOYKECTBA.

3.2. CayualiiHble JIMHEWHBIE OIIEPaTOPbI

ITycTp KJIIOYU TPEACTABIISAIOT COO0i m-6GHUTOBbIE CTPOKH, a TYeHKN UHAECKCUPYIOTCS d-OUTOBBIMU
cTpokaMH (TaK uTo pasMep TaGIUIBI 1 = 29 SBJIAeTCs CTENeHbIO ABOMKHM).

B kavecTBe xeul-pyHKIUM BO3BMEM CiydaiiHOe JIMHEHHOe MpeoOpa30BaHUsI M-MEPHOTro
IIPOCTPAHCTBA HAJl Z, B d-MEepHOE HaJl, TeM JKe I10JIEM:

ha(x) = Ax

(YMHOYXeHME TI0 MOJYJIIO 2, TO €CTh MOYKHO YMHOXXUTD B IIEJTBIX YKCJIAX, & [IOTOM B3SITh 110 MO-
ZyJIE0 2).

Teopema 3. Cemeiicmeo hy : ZJ' — Z3 0an cayuaiinoii mampuybt A pasmepom d X m yHugep-
CANbHO.

Jlokazamenvcmeo. Kaxas OyZieT BepOSITHOCTb KOJUTU3UU IBYX Pa3IMYHbIX KIt04Yel X, y? Ipyru-
MU CJIOBaMHM, KaKOBa BEPOSITHOCTb TOTO, YTO AX = Ay 111 (PUKCUPOBAHHBIX PA3IUYHBIX X,y
U ciay4aiiHoit matpunbl A? I1o TMHENHOCTH 3TO PAaBHOCUJIBHO TOMY, YTO Az = 0 AJ1 BeKTOpa
Z =y — X; 3aMETUM, 4TO Z # 0, IOTOMY 4YTO X # .

CiyuaiiHasi MaTpulla A COCTOUT U3 d HE3aBUCUMBIX CIIy4ailHbIX OMTOBBIX CTPOK Qy, ..., d-
Kaxxmas cTpoka, a; YMHOXAsICh Ha Z, Ja€T OJHY U3 d KOOPJUHAT BEKTOpa Z, U KOOpPAMHATA 3Ta
nipezicTaBsieT co60it XOR HECKOJIBKUX OUTOB U3 @; (KaKUx? TeX, I/Ie Y Z CTOSIT eAMHUIIbI). CyM-
Ma He3aBUCHUMBIX CJy4YalHBIX OUTOB (HYJIM M €IMHUIIbI PABHOBEPOSITHBI) CaMa IMPe/CTABIISET
coboii caaydaitHbIi OUT, 1 TOTOMY BCe d KOOpJIMHAT BEKTOpa Az 006palatoTcs B HYJIb C BEpOSIT-
HOCTBIO 1/2 1 HE3aBUCUMO, TaK YTO OJJHOBPEMEHHO 3TO ITPOUCXOJIUT C BEPOSITHOCTHIO 274 4t0
1 TpeGOBaJIOCH. [

CeMeiicTBO XOpollliee ¥ ITPOCTOE, HO JOBOJILHO 60JIbIIoe (24 GyHKIIui, TaK uTo HyXHO dm
CJIy4aiiHBIX OUTOB, YTOOBI 33/1aTh XeUI-(DYHKI[UIO U3 CEMENCTBA).
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3.3.

—

3agaumn

B kpunirorpauu To)xe UCIOIB3YIOT Xelll-(hyHKIIUY, HaIIpUMep, XpaHAT He [apoJIy I10JIb-
30BaTesiel, a 3HaueHUs KaKOU-TO 3apaHee BbIOPAHHOU Xell-(QyHKIMU OT 3TUX MapoJieid.
[ToyeMy B 3T0Ii cCXeMe He CTOMT MCII0JIb30BATh Xell-(PYHKIIMU U3 HAllIUX CeMeCTB?

. IIpuBegyTe mpuMep YeThIPEX CAydaliHbIX BEJIMUMH C ABYMS 3HAUEHUSIMHU, B KOTOPOM JIIO-

6as TpoliKa BEeJTUYWH He3aBHUCHMMa, HO OJJHO3HAYHO OITpeiesIsieT 3HaUeHUEe OTCYTCTBYIO-
el BEJTMYUHBL.

. Ilyctb p — mpoctoe uucio, u k < p. IToctpoiiTe mpuMep p CaydaliHbIX BEJIMYMH, paBHO-

MEPHO pacnpe,uenéHHblx B Zp, B KOTOpOM J1100bIe kK BEJITMYUH HE€3aBHMCHMbI, HO OAJHO3HAa4-
HO OIIpeacA0T 3HAYCHUS OCTAJIbHBIX P — k BesmuuH.

. Ins caydaliHbIX JIMHEHHBIX OIepaTOpOB Xell-(QyHKIUS 33/Ia€TCs CydyaitHOU MaTpuliei,

TO ecTb md 6utaMu. IToKaXKuTe, YTO MOXKHO 000MTHCHh MEHBIIITUM YKUCJIOM OUTOB (m + d —
1), coxpaHsisi CBOMCTBO YHUBepcaIbHOCTU. (COBET: PAaCCMOTPUTE MATPHUIIbI, Y KOTOPBIX B
JII0601 IMaroHaIH, MapaieJIbHOU IJTaBHOU, BCE 3JIEMEHThI OITTHAKOBBI. )

. laHo IBOUYHOE /IepeBO, B BEPIIMHAX KOTOPOT'O CTOST LieJible unca. TpebyeTcs: HaiiTH Mak-

CUMAaJIBHOE paccTosiHHE (110 IepEBY) MEXK/Y BEPIIMHAMU C OJUHAKOBBIMU TTIOMETKAMU 32
BpeMmst O(n log n), rae n — 4yucio BepuvH AepeBa. (Bo3aMo)kHAsE MOTUBAIIHS: XOPOIIIO JIN
ZIepeBO KJIacTepusyeT nmoMeTku.) HeMHoro 6oJsiee mpocras 3a/ada: BpeMsi pa6otel O(nh),
r7le h — BBICOTA JiepeBa. B Kai/1011 BepIIrHe CO3/IaEM CITHCOK, B KOTOPOM JIJIsi KaYK[0T0
I[BeTa YKa3aHO MaKCUMaJIbHOE PACCTOSTHUE B TIO/|/IepeBE MEXKY BEPIIMHAMU ITOTO I[BETA,
a TaK)Ke MaKCHUMAaJIbHOE PacCTOSTHHE OT KOPHS MO/IZIEpeBa 0 BEPIINH 3TOTO 1BeTa. mest
TaKWe CITUCKU JIJIST IBYX MOAJIEPEBBEB, MBI MOXKEM UX CTUTh. DTO AaéT O(nh). YTOOBI MOTY-
yuTh O(n logn), HaJ[0, BO-TIEPBbIX, XPAHUTh MaKCUMaJIbHOE PACCTOSTHUE OM KOPHS 8Ce20
depesa (a He TIOJiepeBa), 3TO IMO3BOJIUT HEe KOPPEKTUPOBATH €T0 MPU Mepexo/ie C YPOBHS
Ha yPOBEHb, a TAK)KE BJIMBATh MEHBIIIN CITHCOK B 6OJIBIINI (He Tporasi JaHHbIE AJ1sI 60JIb-
IIIETO CITUCKA), UCIIOJIh3YsI XEIIMPOBAHME WK ITPOCTO IEPEHYMEPOBAB CHAavYasIa BCE IIBETA.
Torga st KaXXI0ro JIMCTa UHGOPMAIUSI OT HETO OyzieT 00pabaThiBaThCsI TOJBKO KOT/IA
YKCJIO BEPUIMH B MOAJIepeBe y/iBauBaeTcs, To ecTb O(log n) pas.

. B n-sjmeMeHTHOM MHO>XECTBE HE3aBUCHUMO CIy4ailHO BBIOPAHBI [IBa K-3JIEMEHTHBIX IO/ -

MHO>KeCTBa (BCe IMOAMHOYKECTBA PABHOBEPOSITHHI). KaKOBO MaTeMaTHiecKoe OXKUJIaHUe
YKCJIa 9JIEMEHTOB B UX 00beAUHEHUN?

. B xem-tabiuiry U3 n siaeex He3aBUCUMO ITOMEIIAIOT 1 3JIEMEHTOB, KAXK/IBIN 3JIEMEHT C paB-

HOI1 BEpOSITHOCTBIO MOXKET ITOTTACTh B JIFOOYIO TUEHKy. SIueitka MOYKeT OCTaThCs ITyCTOH (HU
OJIMH He TI0T1aJ1) — KaKOBO MaTeMaTHYeCKOe 0XKHJJaHKe YKCia TaKuX s;ueek? Bosiee CIoxk-
HBIH BOIIPOC: HA30BEM MAaKCUMaJIbHBIM 3330pOM HaUOOJIbIIIee YMCII0 OAPSJ UAYIIUX ITy-
CTBIX sTUeeK (CYUTaeM, 4YTO TUeHKU ITPOHYMEPOBAHBI OT 1 /10 n); oljeHUTe (C TOYHOCTBIO 710
IIOCTOSTHHOT'O MHOYKUTEJIST) MaTeMaTH4ecKoe 0KUAaHe MaKCUMaJIbHOTO 3a30pa.

Paccmotpum 610K U3 k sitaeex; BEpOSITHOCTb TOTO, YTO OH OCTAHETCS ITyCThIM, paBHa (n —
k)"/n"™ ~ exp(—k). Iloaromy nipu k = 2 1n n 3Ta BEpOATHOCTH IPUMEPHO paBHa 1/n?, a Be-
POSITHOCTD, YTO TaKO# 6JI0K Oy/ieT XOTs ObI T7ie-To, He 6oJibllie 1/n 1 Ha MaTeMaTu4ecKoe
OXKHJIaHUE He BJIUSET, Tak 4YTo OHO ecTh O(log n). YT0ObI MOJTyUYUTh OIIEHKY CHU3Y, Pa300b-
&M BeCh OTPe30K Ha n/k 6J0KOB AJUHBI k, KOKIBIN U3 HUX SIBJISIETCS MYCTHIM C BEPOSITHO-
cThio ¢ = exp(—k), a mepeceyeHne JBYX TAKUX COOBITUI MMeeT BEPOSATHOCTh MEHbIIE &>
(IIOTOMY UTO BEPOSITHOCTb BTOPOTO OBITh ITyCTHIM CTAHOBUTCS MEHbIIIE TPU YCJIOBUH, UTO
nepBblii mycT). [IoaTOMYy 00BeAUHEHME M TAKUX COOBITUN UMEET BEpPOSITHOCTh HE MEHBIIIE
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1 . .
em — 5(5m)2 (dbopmysa BKIIOYEHUI M UCKJIIOYEHUH 10 BTOpOro wieHa). Eciu BIOpaTh

ImapamMeTphl TakK, 4YTOObI em =~ 1, TO 3Ta BEPOSATHOCTH OyjieT He MeHbie Q(1). OTo AaéT
exp(k) =~ n/k, ecy MbI XOTUM pa3pe3aTh BECTh OTPE30K Ha OJIOKH, TIpr 3ToM k = Q(log n).
TakuMm 06pazoM, yxe Takue 6J10ku AaayT Bkiaaj Q(log n) B MaTeMaTudyeckoe OXKuaHue.

Bosiee TOYHBIN aHAIN3, BEPOSITHO, MOXKHO TPOBECTH TaK: PACCMOTPHUM TPH pacIipeziesie-
Hus: (1) 6pocaem n Touek; (2) 6epéM KaXKAyI0 TOUKY C HEKOTOPOI BEpPOSTHOCTHIO; (3) BbI-
O6upaeM CIy4aiiHO IO HEKOTOPOMY pacIipe/ieJIieHHUI0 pa3Mep MOAMHOXKECTBA, a IIOTOM Oe-
péM cirydaiiHOe OJIMHOYKECTBO TaKoro pasmepa. Pacripesienienue (3) o6o61maer (1) u (2),
U B 000UX CJIydasix pacripe/ieJieHHsi CKOHIIEHTPUPOBAHBI OKOJI0O MaTEMATHYECKOTO OXKH-
naHus (B TIepBOM CiIydae Ha/lo TPUMEHUTHh HEPABEHCTBO A3YMbI K YHUCJTy 3aHSTHIX TOUEK
TT0CJIE TIOCTETIEHHOTO /T06ABJIEHHS ), TAK UTO MX MOYKHO CPAaBHUBATH C TIOMOII[bIO CITapHBa-
HUS pacnpeesieHUH (JIJisi MOHOTOHHBIX COOBITUIA).
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4. CoBeplieHHOE XeIINPOBaHUE

Xem-pyHkums h : U — B cosepuieHHa, €CIM HET KOJUIM3UM, TO €CTh pa3HbIM KJIF0OYaM COOTBET-
CTBYIOT pa3Hble sSTYeHKU (MHBEKTUBHOE 0TOOpaXkeHMe). CyliecTBYIOT ToIbKO ipu |U| < |B|, Tak
YTO 3TO UCKJIIOYUTEJIBHBIN CIydaii, HO eciM MHOXKecTBO U M3BECTHO 3apaHee (CKakeM, KaKoii-
TO HAGOP CTPOK), TO TAKOE MOYKET BCTPETUTHCA Ha ITpaKkTHKe. ECTh CBOOOHO pacpocTpaHsieMast
peanuzanus gperf (mpoext GNU), https://www.gnu.org/software/gperf/.

4.1. Ta6sHIIa C 3aI1aCOM
ITycTh /71 Havaa CBOOOHOTO MeCTa MHOTO.

Teopema 4. Ecau |B| > |U|%, mo 6 a1060Mm yHugepcanvbHom cemeticmee xeui-QyHKuyuli no kpatineti
Mepe noaosuHa PyHKUULL cogepuleHHble.

Joxazameavcmeo. IIyCTh X,y — mapa pa3IMIHbIX KII0Ueit. BepositHOCTh TOTO, uTO h(X) = h(Y)
JUTs cotydaiiHOM PyHKITUM h U3 ceMeicTBa (To ecTh 1071 QYHKIIU, y KOTOPBIX B 9TOM MeCTe KOJI-
JU3usl), He 6oJiblie 1/n, rae n — pa3mep |B| — Mo orpezie/IeHUI0 YHUBEPCAJIbHOTO CeMeCTBa.

TaxkuMm 06pa3oM, KakJasl rapa X, y BEIOUBaeT 1/n 10710 Bcex QyHKIUN ceMelicTBa, a TAKUX
nap |U|(|JU| — 1)/2, To ecTb MeHbIe n/2 (HarloMHUM, 4To |U|?> < n). 3Ha4UT, BCEr0 BBIOUTO HE
60J1b111Ie TT0JIOBHHBI.

B TepMHHaX TeOpUH BEPOATHOCTEMN: COObITHE "UMETh KOJJIM3HUIO B TAHHOU mape” UMeeT Be-
pPOSTHOCTH He 6osiee 1/n, TaKUX COOBITUI He GoJiee n/2, MOATOMY 00beIMHEHNE UMeeT BEPOsT-
HOCTb He 6oJiee 1/2. ]

Ha mpakTHKe MOXXHO HECKOJIBKO Pa3 MOMPoOOBaTh CIydaiiHy 0 (DYHKITUIO U ITPOBEPSITH, HE
OKa)KeTCsI JI OHA COBEPIICHHOI1. BeposTHOCTb k Heyzau GyaeT Masa (He 6obie 2~K)).

4.2. IByXypOBHEBOE€ XeIlIIPpOBaHUE

MO>KHO MCKaTbh COBEPIIEHHYTO Xell-(QyHKITUIO /ISt MHOXKeCTBa U U3 n 31eMeHTOB TaK. Bo3bMéEM
CJIy4aitHO (B KAKOM-TO YHUBEPCATTbHOM CeMEHCTBE) XelI-(PYHKIIUIO g C N 3HAYeHUSIMH, CKaXKEM,
{0,1,...,n — 1}. Bpsiz it oHa OyZeT COBEPIIEHHOM, CKOpPee BCEro OYAyT SUEUKU, Ky/a ITOIajio
60J1b1lIe OJTHOTO 37IeMeHTa. TorJa MOXKHO UCIIOTb30BATh €IIIE O/IHY Xelll PYHKIINI0, KOTopast pas-
JleJIsIeT 3JIEMEHTHI 3TOH STUeHKM (IS KaKI0H SYEHKU — CBOIO).

Taxkum 06pas3om, y Hac ecTb 6a3oBast xemr-pyuknus g: U — {0,...,n — 1}, ¥ I KQXKJI0TO
i ecTb CBOSI XelI-(PYHKIUSA h;, OTIpeieIEHHAs Ha i-0Ui Kop3WHe (Ha TeX 3JIEMEHTaX U, Y KOTOPhIX
h(u) = i, u uroropas xeu-QyHKIUs OyAET TaKOM:

i (8(x), hg(x)(x))

TyT, KOHEYHO, Ha/I0 OYyZIeT XpaHUTh MHOT'0 UH(pOpMAaIK 0 GYHKIMAX h; (BeAb 151 KOKI0H
siyeiike CBOs), U 3HAUEHUSAMU (PYHKIIMU OYyT Maphl (TaK 4YTO MH/AEKCUPOBATh 3HAYEHUSIMU Xelll-
(OYHKITUM CII0YKHO), HO JTaBaliTe paJii THTEPeCa OLIEHUM, CKOJIBKO TTOTpeOyeTcst 3HaUeHUH, eCITH
JU151 KOK/I0M KOP3MHBI MCII0JIb30BaTh OIMCAHHBIH B ITpeIbIAYIIEM pa3Mepe MeTO/, C YMCIOM Xell-
3HAaYeHUH, paBHBIM KBa/IpaTy pa3mMepa KOp3UHBIL.

Teopema 5. Mamemamuueckoe odcudaHue cymmol K8adpamos pasmepos KOp3uH 045 CAY4atiHOL
¢yHKUuu yHugepcaabHozo cemelicmea (npu |U| = |B| = n) He 60abuue 2n.

JpyruMu CJI0BaMH, MaTEMATUYECKOE OXKHJIaHME CPeTHET0 KBa/ipaTa pasMepa KOP3UHbI He
MIPEBOCXOAUT 2 — TIPU TOM, UYTO CPEeTHUU pa3zMep KOP3UHBI B TOUHOCTU paBeH euHUIIE (31e-
MEHTOB CTOJIBKO K€, CKOJIBKO STYeeK).
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Hoxazamenvcmeso. Ilyctb load; — ciaydaiiHasi BeTMuMHA, paBHas pa3sMepy i-ii KOp3uHbI (IIpu
CJIy4aifHOM BbIOOpe (PYHKIIMHU U3 YHUBEPCAIBHOTO ceMeicTBa). Torjja Hac MHTepecyeT

E [Zl loadiz] = Z E[load?].

Camy BestmuuHy load; (pazmep KOp3UHBI) MOXKHO 3aIMMCATh KaK CyMMY KOJIUYECTB 3JIEMEHTOB,
MIPULLIEAIINX U3 PA3HBIX MECT:
load; = Z 1{g(x) = i}.
xeU
Torma
2 . .
loadi = > Mgx) =i} Mg =i}
x,yeU
bepsa maTtemaTuyeckre OXXUAAaHUA U TIEPECTABIIAA CYMMUPOBAHUE, IOJIy4YaeM

> Elload;]= 37 DTE[T{g(x) =i} 1{gO) =i}l

x,yeU i

Ho B mociefHUX KBaIpaTHBIX CKOOKAX 3aIlMCaH MHANKATOp coObITust g(x) = g(y) = i, 1 mare-
MaTU4YeCKoe 0XKHUJJaHUe PABHO BEPOSITHOCTU 3TOTO COObITHSA. [Ipy JAaHHBIX X U Y U IIPU Pa3HBIX i
9TH COOBITHS HE TIEPECEKAIOTCS U B CyMMe AatoT CoObITHE g(x) = g(y), TaK YTO paBEHCTBO MOYKHO
TIPOZIODKUTE:F
.= > Prlg(x) =g
x,yeU

B 3TOli CyMMe €CTb 1 YWIEHOB, PABHBIX eAUHMIIE (IIPU X = V), U €IIE n? — N YWIEHOB, KOTOPHIE HE
6oJibllie 1/7 0 YCJIOBUIO YHUBEPCATIBHOCTU. Becero He 6osiblie 21, YTO U TPe6OBAJIOCH. O

5. Xeni-ta0uIbl HA IPAKTUKE

JIx060IBITHO ITIOCMOTPETH, KaK MCIIOIb3yeTCs XeIINPOBaHKe, HalpuMep, B IpoekTe Chromium

(Ha KoTOpOM OCHOBaHbI 6pay3epsl Chrome, Edge). ®aiis hash.h cofep>KUT onurcaHust HECKOJIb-
KUX Xell-(pyHKIWi. OfHa U3 HUX, HashInts32, kogupyeT napsl 32-pa3psagHbix unces (unsigned,
TO ecThb ymces ot 0 10 232 — 1):

h32(x32,y32) = (h64(x32,y32)*rand_odd64 + randl6%¥2A16)%2264 / 2732

(TexcT U3 KOMMEeHTapHueB B Koie). BUiHO, uTo u3 x32 u y32 cobupaercs 64-6UTOBOE YHUCJIO, KO-
TOpOe TI0TOM YMHOXKaeTCst Ha KOHCTaHTy rand_odd6é4 u ripubasJisieTcst e 16-6uToBoe YUCIIO0
rand16, cABUHYTOE BJIEBO Ha 16 6UTOB. MHOXKUTEb U 00aBKa (Ha3BaHME KOTOPHIX HAMeKa-
€T Ha TO, YTO OHM BBIOPAHBI CIYYaHO, XOTSI HUKTO CBEYKY HE JIepKaJl, BEPOSITHO) «3aIIUTHI» B
TekcT mporpammsbl (hardcoded):

uint64_t odd_random = 481046412LL << 32 | 1025306555LL;
uint32_t shift_random =10121U << 16

3aTeM BbIOUparOTCA 32 CTapINX OUTOB MOJIYYMBILIETOCS YUCIA.

Apyras GyHKIUS XeUIUpyeT mapy 64-0UTOBBIX YUCEJ C TTOMOIIbI0 aHAJIOTUYHBIX OUTOBBIX
MpeoOpa30BaHUM, BKIIOYAIOIIUX YEThIpe 32-0UTOBBIX «CIAYYAWHbBIX» KOHCTAHTHI.

MO>KHO HaJIesITbCSI, UTO 3TU ITpe0bpa30BaHUsI BEIOPAHbI He ITPOCTO TaK, a 00J1a/Jaf0T KAKUMU-
TO XOPOIIMMHU CBOHCTBaMM (JIJIsI CJIydaiiHOTO BbIOOpa KOHCTAHT). EC/Ti OBI e1é 3TH KOHCTaHThI
BBIOMPAJIHCH TI0CJIE TOTO, KaK Bparu peuruau cioMarb Chrome, ycTpouB 60JIBIIOE YHCITIO KOJI-
JIN3UI, TO MOXKHO OBLITIO GBI HA/IESITHCS, UTO BEPOSITHOCTH YCTIENIHOM ataku Masta. (UTo, rpaBsa,
B PeasIbHOCTU He TaK: 3TU KOHCTAaHThI MOYKHO y3HATh /10 aTaKMU.)

2B BHUIE€0 B 3TOM MECTE BMECTO g HAIIMCAHO h., 9TO OIIeYaTKa.
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6. CpaBHEeHII€e MHOXKECTB

6.1. IlocTaHOBKA 3a/1a4YU

[TycTs MetoTcs 1Ba Habopa uucen [ay, ..., a,| u [by, ..., b, |, XpaHsiuecs: B AByX ¢aiiiax. Tpe-
OyeTcsi y3HaTh, COBIAJAIOT JIU 3TU HAOOPhI KaK (MYJIbTU)MHOYKECTBA — TO €CTh MTOJTYYAIOTCS JIU
OHU JIpyT U3 Apyra IepecTaHOBKOU. [IJIsi MPOCTOTHI Oy/ieM paccMaTpUBaTh CJOy4aii, KOT/ia BCe
YHCIa pa3udHbl (M IJIMHA OAMHAKOBAas, MHAUYe OTBET Cpa3y OTPUIIATEJIbHBIN), TO €CTh HAZ0
MIPOBEPUTH PABEHCTBO JIBYX N-3JIEMEHTHBIX MHO)KeCTB. Kak 3To mmobbIcTpee c/ie1aTh?

« MO>XHO OTCOPTUPOBATh 062 HAOOPa U 3aTeM CPABHUTH I103JIEMEHTHO. 910 TpebyeT O(n log n)
omepanuii st coptupoBku (U emg O(n) st CpaBHEHUS), U JIOTIOJTHUTEIbHAS TTaMSTh
O(n).

« MO)XKHO MCITOJTb30BaTh XeIIMpoBaHUe. [IOMECTHUM Bce 3JIEeMEHTHI IIEPBOTO HAbopa B Xelll-
TaGIUITy T10 ouepeaur. ITocjie 3TOro MpoBEPUM, UTO BCE 3JIEMEHTHI BTOPOTO HaGopa Tam
€CTh. B HAIIMX MTPEATIONIOKEHUSIX ITOTO IOCTATOYHO: U3BECTHO, YTO MACCUBBI PABHOM JIJTH-
HbI U 6e3 nmoBTopeHuit. [Tomyyaercs BpeMs O(n) u mamatb O(n).

Ho uto genath, ecnu nmamMata Mano? IlycTh ecTb, CkaXkeM, TepabalTHble Qailapl u3 128-
OUTOBBIX YK CeJI, peasIbHO JIM TAKOE CPaBHEHHE?

MO>KHO CJIO)KUTb BCE YHCJIA B OZHOM (haiiyie B [PyrOM — U €CJIM CyMMBI pa3Hble, TO SICHO,
4yTO (hailsIbl pa3Hble, a €CIM OAMHAKOBBIE — CKa3aTh, YTO «CKOpee BCero (pailibl OJTHAKOBBIE».
Ho TyT ecTb nipo6sieMa: IyCTb I104eMy-TO (hailyibl CofepKaT apaMu IIPOTUBOIIOJIOXKHBIE YHUCIA.
Torga cymma B o6oux ¢aiinax OyZeT HyJieBasi, U Mbl HE 3aMETHUM Pa3HUIIbI.

MO>KHO yJIy4IIUTh AJITOPUTM, BBIYUCIISAS HE TOJIBKO CYMMY, HO Y IIPOM3BeJIeHe — HO U TYT
OyZleT aHaJIOrMYHas IIpo6seMa, ecyu (ailbl copeprKar emé U HyJiu. Mo)XKHO pacCMOTPeTb, I10-
MHMMO CYMMBbI U IPOM3BEJEHUS, U APyTUe CIIOCOOBI BBIUUCJIATH TO, UTO IMO-aHIVIMICKY Ha3bIBa-
ercs “sketch”, B Halleil 3a1aue — CUMMETPUYHYIO (PYHKIMIO OT 3JIEMEHTOB MaccHBa. B Halem
rpuMepe

sketch(X) = Z a;, H a;
i i

VmMest Takyto (PyHKIIMIO, MOKHO OOBSIBUTH (hailyibl paBHBIMU, €CJIM PABHBI UX CKETYH, U Pa3HBI-
MM, €CJIM He paBHbBL. Bo BTOPOM cilydae OTBET rapaHTUPOBAHHO IIPABUJIBHBIN, HO B IIEPBOM —
HeT. BOo3MO)KXHBIX (hailsioB 60JIbIIIe, YeM BO3MOXKHBIX cCKeTuel ((haiiyibl IIMHHee — MHa4e CMbIC-
Jia B cKeT4ax HeT). I[IoaToMy ecTh /iBa pa3HbIX (aiia ¢ OJUHAKOBBIMU CKETYAMMU.

Yro xe gesaTh?

6.2. BepoATHOCTHBIN IOAXO0T,

MO>XHO BOCITIOJIB30BaThCS BEPOSITHOCTHBIM aJITOPUTMOM U HAZIESITHCS HA MaJIyI0 BEPOSTHOCTD
OomUOKHU 045 11006020 8x00a, TO €CTH JJIST JTFOOBIX JIBYX CITUCKOB (a4, ...,ad,]| U [by, ..., b, ]|. Boiee
TOYHO: eCJI (haiisIbl COBMAAIOT, TO &JITOPUTM rapaHTUPOBAHHO CKAXKET, YTO OHU paBHBI. Ecin
ke (haiibl He COBITAJIAf0T, AJITOPUTM B IIPUHITUIIE MOXKET JIATh «JIOYKHO ITOJIOXKUTEIBHBIN» OTBET,
HO C OYeHb MaJIOU BepOSITHOCTHIO. (B maease aist ckeTdeit u3 d GUTOB MOXKHO HAJIeSIThCS Ha
BEpOSITHOCTD OIu6KK 2-2.)

West: BO3BMEM CJIyYaiiHYIO Xelll-(yHKIHUI0, KOTOpasi IS KOKI0TO YKciaa X (Toro pasmepa,
KaK B HallIMX Ha00opax) AT HEKOTOPOE YKCJIO Y M3 KAKOTO-TO O0JIBILIOTO Auara3oHa (d-6uToBoe,
TO ecTh oT 0 710 2¢ — 1). ITO He COBCEM TO, UTO GBLIO PaHBIIIE — KOT/A MBI XOTEJIN, YTOOBI Xelll-
3HAYEHUsI OBLIU CYIIECTBEHHO KOpOYe, YeM apTryMeHThI, IOTOMY YTO WHaye Xell-TabuIa He
rMeeT cMbIcsia. Ho Tereph xem-Ta6InuIist He Oy/IeT, a BayKHA HaM UMEHHO CTyJaifHOCTb BRIOOPA.
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(ITpakTrueckoe 3aMeyaHue: Xell-(QyHKIIUIO C TAKUMU JJJTMHHBIMU 3HAYE€HUSIMU MOYKHO CO-
OpaTh KaK KOHKaTeHAIINIO CJIy4aitHO BRIOPAHHBIX 60Jiee KOPOTKUX Xelll-(hyHKIIUIA. )
Terepp BMECTO CyMM 3JIEMEHTOB CPABHUM CyMMBI XelI-3HAaYCHU N

SA = Z h(a;), sg = Z h(b;).

Ecyiv oHU pa3Hble, TO TOBOPUM, YTO MAaCCUBBI pa3Hble (M rapaHTUPOBAHHO IIPaBbI), €CIU OIUHA-
KOBBIE — TO TOBOPHM, UYTO MaCCHUBBI OJMHAKOBBIE (M BO3MOYKHA OIINOKA)

KakoBa BEpOSITHOCTb 3TOM OLINOKU, €CJIN XellI-(DyHKIIUS BIOUPAETCS B MOZIEIU CIy4aifHOTO
opakyJia (Bce BO3BMOXKHbIe (PYHKIIMU paBHOBEPOATHHI)? Ecint A # B, TO €CTh KaKOM-TO 37IeMEHT
a* € A\ B (w1u Hao60pOT, 3TO CUMMETPUYHBIN ciy4yail). KakoBa BepOSITHOCTb TOTO, UTO /I
CJIy4aifHO BRIOpAHHOM Xell-(yHKIIUU MPOUCXOAUT OIINOKA?

3ameTuMm, 4TO 3HaUYeHue h(a™) BXOJUT B OHY CyMMY, HO He BXOJIUT B JIpyryio. MOXKHO riepe-

IMUCATh YCJIOBHE KaK
h(@)= D, h®b) — >, h(a).

beB acA,a#a*

Teneps BUIHO, YTO 3HaUeHMeE h(a*) B TpaBOil YaCTH He BCTpeuaeTcst (OHA OTPEAEISIETCS OCTATh-
HBIMU 3HAUYEHUSIMU XelI-PYHKIIUM), U TTI03TOMY Kak ciydaiiHas BeJmyuHa h(a*) He3aBUCUMa
C OCTaJIbHBIMU 3HaueHUsAMU. OTCIOZa CJIefTyeT, 4TO BePOATHOCTh COObITUs He 60bure 2~9. (He
00s13aTeJIbHO paBHA, €CJIM MbI CKJIaibIBA€M 3HAUECHU S KaK LieJIble YHCJIA, a He IT0 MOZYJII0: TOTAa
MOYKET OBbITh, YTO PA3HOCTH CITPaBa HE MOIa/IaeT B IUAIIa30H BO3MO)KHBIX 3HAUEHUIA. )

[TpaBaa, 3TOT aHAJIN3 UCXOAUT U3 (COBEPIIEHHO HEPEATUCTUIECKOTO) IMPEITOTI0KEHUS O
Cy4aliHOM opakyJie (3HaueHUs Xell-QyHKIIMU BO BCEX TOYKAX HE3aBUCUMbI — TYT HE XBATUT
YHUBEPCAJIbHOCTH XEITMPOBAHUS, UJTU MTOMMAPHON HE3aBUCUMOCTHU). XPAHUTD TaKyI0 (YHKIIUIO
JlKe CII0KHEee, YeM caMU MacCUBbI. HO Ha paKTHUKe — B IIPUJIOKEHUSX, HE CBA3aHHbIX C KPUII-
Torpadureii — MOXKHO UCITOJIb30BAaTh KaKKUe-TO CeMeicTBa Xelll-(pyHKIIMI MEeHbIIIEro pa3mMepa, 1
3TO 0OBIYHO CXOJIUT C PYK.
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6.3. 3agaumu

1. Yro pesaTh, €CaIM B MAacCHUBaxX €CTh IIOBTOPAIOLIMECS 3JIEMEHTBI U UX HAJl0 CPAaBHUBATh
KaK MyJIbTUMHOKeCTBA (PaBHBI, €CJIU OTJIMYAIOTCS IIEPECTaHOBKOM — TO €CTh HaZ|0 CPaB-
HMBATh YUCJIA BMECTE C KPATHOCTAMM)? MOIKHO CKJIA/[bIBATE, KAK U PAHbIIE (KaK [[esble
YHCJIa WU TI0 IPOCTOMY MOJYJI0) — IPEIBapUTEIbHO IIPOBEPHUB, UTO JJIMHBI MACCUBOB
OJIUHAKOBBI.

2. IlycTh HaM Ha/l0 CPABHUTH /IBE TTOCJIEJOBATEIbHOCTH YHcesl OyKBaJIBHO (2 HE C TOUHOCTHIO
710 TIEpeCTaHOBKHU), HO JIAIOT UX He OZHOBPEMEHHO, a CHavyasIa OJfHY, a TI0TOM BTOPYIO, U
y HaC HEJ0CTaTOYHO MaMSITH, YTOOBI 3aIIOMHUTH MEPBYIO MOCIE0BaTEIbHOCTh. Kak pe-
UIWUTh 3Ty 33/1a4y C MaJIOH BEPOATHOCTBIO OIMIMOKU? Kak B KOMMYHUKAIMOHHON CIIOMHO-
CTH: CUMTaeM umcia KoadgduiimeHTaMy MHOTO4YJIeHa U 10 cxeMe ['opHepa BbIYUCIIsieM 3Ha-
YyeHue B Cay4aiiHOU Touke (110 GOJIBLIOMY ITPOCTOMY MOAYJIt0). ITocse 4yero cpaBHUBaeM
JJ151 IBYX MaCCHBOB.

3. KoppeKTHOCTb ajJiropuTMa CpaBHEHHUSI MAaCCUBOB CJIOXKEHUEM CKeTueil OblLia JoKa3aHa
JIMIIb B TIPEAIIONIOKEHUN CIIyYaifHOrO OpaKyJia, TaK YTO JIJISi PeaTbHO HCII0JIb3yeMbIX
Xel-QyHKIIMUA Mbl HUYETO /I0Ka3aTh He MOXKeM. PacCMOTpUM JIpyroil aJrOpuTM: BbhIOU-
paeM MpPOCTOe YMCJIO p, MHOTO OoJibliiee n, 6epéM CIydJaliHbIHA BBIUET X IO MOAYJIO P
U BBIYUCJISIEM MTPOU3BEJEHUS Hi(x —a;))u Hi(x — b;), eciu COBITAAI0T, TO CYUTAEM
MAaCCUBBI paBHBIMU. [TOKa)KUTE, YTO BEPOSITHOCTD OIITMOKH 371ECh He OOJIbIIE 1/ P.

STOT aITOPUTM IIpe/iyiokul Pycian MikyBaToB.
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7. ®unsTpel biryma

7.1. IlocTaHOBKA 3a/1a4YU

ITycTh MBI XOTUM XpaHUTb MHO)XeCTBO (0OBIYHO ITOIMHOYKECTBO KaKOI'0-TO 3apaHee BbIOpAaHHO-
I'0 «YHUBEpPCYMa») 1 BBITIOJTHSATH TaKUe OIlepaliuu:

« Add(e): m06aBUTH JIEMEHT €,
« Remove(e): yIaJnTh 2JIEMEHT €;

« Contains(e): MpUHAJIEIKUT JIU 3JIEMEHT € MHOXKECTBY?

Kak 310 MO>XHO cziesiaTh? EC/I YyHUBEPCYM COCTOUT M3 HEOOJIBIIOTO YMCJ1a 00BEKTOB, IPOHY-
MEepPOBaHHBIX HaTypaJbHBIMU yrcIaMu OT 0 10 N —1, TO MOKHO XpaHUTb €T0 IIOAMHOYKECTBA KaK
6uToBbBIE CTPOKU. CKaXkeM, aTpuOyTHI ¢aiiia (yka3blBarole, MOXKHO JIM €r0 YUTaTh, MEHATD U
T.I1.) MOXKHO XPaHUTb KaK OUTHI 1iesioro yncia. Eciu N BesMKo, MOHAL00UTCST HECKOIBKO Iie-
JIBIX YMCEJT — CKaXKeM, JIJIsI XpaHEeHUsI MHOXKeCTBa 6aliToB (umces ot 0 710 255) HY>KHO YeThIpe
64-pa3psAIHBIX LIEJIBIX YUCIA. DTO JIeTKO 3 (PEeKTUBHO peasin30BaTh (U MO0 BpEMEHH, U 10 Ia-
MSTH), UCIIOJIb3ys] OUTOBbIE OIEPAIIU — HO TOJIBKO €CJIM 3JIeMEHTaMM XPAaHUMBIX MHOYKECTB
SIBJIAIOTCS] HeOOJIbLINE 11eJIble YHCIIA.

A 4TO fies1aTh, €CIM Ha/l0 XpaHUTh MHOYKECTBA CTPOK (CKaXKeM, PYCCKUX CJI0B B HEKOTOPOM
nokymeHTe)? Torza MOXKHO HUCIIOIb30BaTh XelI-TabIUIbl UK cOalaHCUPOBAHHbBIE JIepeBbs T10-
rcka. Kak 3To fiesaTh ¢ Xeu-rabaniaMmu, Mbl yoke BUIEJIN, 1 B HEKOTOPBIX ITPEATION0KEHUSIX O
CJIy4aifHOM BbIOOpE XelI-(QyHKITHM 3TO 1aéT Bpems paboThl O(1) B cpefiHeM /IS BCEX OTTepaliii.
['1aBHBIN HEAZOCTATOK — HY)KHO MHOT'O MecTa. Pa3mep TaG/uibl JODKEH ObITh IOPSZKA YHCIa
XPaHUMBIX CJIOB, Y BCE 3TU CJI0BA HY>KHO XpPaHUTH (JIJ1s1 CpPaBHEHUIR ).

Ho ecsiu 371eMeHTHI yAansTh He TpeOyeTcsl, © Mbl TOTOBBI CMUPUTBCS C HEKOTOPOU He6OJIb-
III0¥ BePOSITHOCTHIO OIIUOKU TP ITPOBEPKE TTPUHAJIEIKHOCTH, CTh 60s1ee 3(D(eKTUBHbBIE CITO-
co6bl. (HeuTo 1moxoxkee MbI JiesIajId paHbllle IIPU ITPOBEpKe paBEHCTBA JIByX MHOXKECTB CJIOXKe-
HUeM 3HadeHUi xell-pyHKIuU.) OJUH U3 TaKUX CLIOCOO0B Ha3bIBAETCs «(PUIbTphI Biymar.

ITycTb MOXXHO A00aBJIATh 3JIEMEHTBI, HO Heab3s Y0anAamb. Mbl XOTUM IIPOBEPATh HPUHA/-
JI©XKHOCTb MHO)XECTBY C ITOMOII[bI0 BEPOSITHOCTHOTO ajroputMa Test(x), KOTOpBIil paboTaer C
OJIHOCTOPOHHEH OLINOKOIA:

« Eciim x € S, 1o Test(x) = True (HaBepHsIKa);

« Ecnu x ¢ S, To Test(x) = False mouru HaBepHOe (BepOsITHOCTh O0TBeTa True masa).

[TpeXx/ie YeM OIMHCHIBATH pean3aIiuio, 00CyIUM, JIJIsI YETO 3TO MOYKET MPUTOIUTHCS. Ecu
MBI XOTUM HaTH BXOXXACHMA KaKOT'O-TO CJIOBA B apXHMBE JJIOKYMEHTOB, MOXXHO MCKATh MX I10 O4€-
peau B KakaoM ZlokyMmeHTe. Ho 310 0s1r0. EC/U JOKYMEHTBI IIPOCMOTPETD IIPEBAPUTEIHHO U
XPaHUTBD JJIsT KaYK[0TO JOKYMEHTA CITUCOK €r0 CJIOB B BHJIE TAKOTO (PUIBTPA, TO MOYKHO GBICTPO
O0TOPOCUTD GOJIBIITHHCTBO JJOKYMEHTOB, I/l€ Hy)>KHOTO C/I0Ba HET. IIpy 3TOM MbI TapaHTHPOBAHHO
HUYEr0 He TIoTEPsieM, HO OY/IyT JIOXKHbIE CpabaThIBAHUS: CJIOBA HET, a HAM CKa)KyT, 4TO eCTh. HO
€CJIM 3TO PEJKO, TO HUYETO CTPALIHOTO (MBI 3psi IIPOCMOTPUM KaKHE-TO JOKYMEHTBI, HO HEMHO-
rO0).

7.2. HauBHada peaausanusa

ByzeM ncmosb30BaTh Ba U3BECTHBIX HAM TMpUEMaA: XpaHeHre MaccuBa 6UTOB (bit set) u xer-
Ta6mLbl. [IyCcTh B MHOXKECTBE He 60J1ee 1 371eMeHTOB. 3aBe/iEM TabJIUILy C HEKOTOPBIM 3aI1acoM,
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B35IB N = mk siueek /i HekoToporo k. (Hem 6oJiblie k, TeM MeHblile O6yZieT BepOSITHOCTD OLTUOKHU
— HO TeM 60JIbIIIe HY)KHO MecTa.) B oTyimdne oT 00bIYHOI XeIlll-TabIUuIlbl, He 6y/1eM XpaHUTb caM
3JIEMEHT X B stueiike h(x), a OyieM XpaHUTh 15T KQXK0M STYeUKM OJJ1H OUT: ToTaJsl Tya KaKou-
TO 3JIEMEHT WJIU He Tomajl. J[pyruMu cJIoBaMH, y Hac OyieT MaccuB OMTOB T (Ha IIpaKTHKe UX
XPpaHST KaK pa3psiZibl B MACCHUBE CJIOB), I TAKUE OIepaIiuu:

def Add (x):
id=h(x)
T[id]=True

def Test(x):
id=h(x)
return T[id]

Braayasie (MBI cyMTaeM, 4YTO MHOXXECTBO M3HAYAJIBHO ITyCTOE) Bce OUTHI B T paBHBI HyJII0. Sc-
HO, YTO BCe /I00aBJIeHHBIE 3JIEMEHTHI OYAyT MIPABUJIBHO PACIIO3HAHBI ITPH TECTUPOBAHUY, U pe-
ayy3alnus coBceM mpocrtasi. EnuHcTBeHHAast mpobyieMa B TOM, YTO OTCYTCTBYIOUIU 3JIEMEHT MO-
YKeT ObITh 0OBSIBJIEH TTPUCYTCTBYIOIIUM — €CJIH €T0 Xell-3HaYeHHe CyIaliHO COBITAJIO C Xell-
3HAYeHHUEM OZJHOTO U3 PeaIbHbIX 3J1eMeHTOB. HacKoIbKO 3TO BEepOSITHO?

Ecsiu MbI XpaHUM He 6oJiee n 3JIEMEHTOB, TO 3aI0JIHEHBI He OoJiee 1/k Bcex siueek TaOIUIIbI.
Orcro/ia JIeTKO CJIeyeT OlleHKa OLINOKU:

JlemMma 1. Qukcupyem 31eMeHMbL X1, ... , X, U HeKomopoe y & {xq, ..., X,,}. Mol dobasasiem ace
X; u nomom nposepsiem y. Toeda seposmHocmsv owubku (omeema True) npu UCNOAL308AHUUL XeUl-
GpYHKUUU U3 YHUBEPCANLHO20 ceMelicmBa ¢ N 3HaUeHUAMU He npegocxodum 1/k.

Joxazamenvcmeo. B camoM fiesie, OIIMOKA MOYKET IIPOMU30MTH TOJBKO I TeX QYHKIUHI, A1
KOTOpBIX h(x;) = h(y) mpu HEKOTOPOM i. JIJIs1 yHUBEPCAIIBHOT'O CeMENUCTBA 3TO COObITHE (ITPU
(OUKCUPOBAHHOM i) UMeeT BEPOATHOCTD He 60JIbIlIe 1/n, T03TOMY 00BEAUHEHUE 1 TAKUX COOBI-
TUI UMeeT BepOsITHOCTh He 6osiee m/n = 1/k. O

J1J1s1 IPOCTOTBI B JIEMME pacCMaTpUBAETCs CIydail MHOXKECTBAa MaKCUMaJIbHOTO pa3Mepa, HO
€CJIM B MHO)XECTBE MEHBIIIE JIEMEHTOB, TO BEPOSITHOCTH OIIMOKU Oy/IeT TOJIBKO MEHBIIIE.

Kak MOXXHO yJIy4IIUTb 3TOT HAaWBHBIA aJIrOpUTM (YMEHBUINTHh BEPOSATHOCTb OUIMOKU, HE
CUJIBHO YBEJIMUUBas pa3Mep TabIuIbl)?

7.3. BoJsee 3 eKTUBHBIN ITOIXO

YTO MBI HE/IOMCIIOJIb30BAJIU B OITMCAHHOM aIropuT™Me? BUTOBBII BEKTOp ObLI 3aII0JIHEH MAKCH-
MmyM Ha 1/k. Ecnu k 6osblie 2 (a ommbKa ¢ BEpOSITHOCTHIO 1/2 HAC Bpsifi JIM YCTPOUT), TO OOJIb-
IIMHCTBO OMTOB Oy/IeT HyJIeBBIMU, U MbI UCIOJIb3yeM NaMaTh HeagdekTuBHO. (Hucio cocTos-
HUH, B KOTOPBIX 3aII0JTHEHO § OUTOB B n-OMTOBOM BeKTOpe, paBHO Cj, U TIPU S, CYIIIECTBEHHO
MEHBIIIUX 1/2, 3TO 0YEHb MaJIO IT0 CpaBHEHHUIO C 2".)

ByzeM HCIIob30BaTh HECKOJIBKO Xell-(pyHKIMM, BHIOMpaeMbIx He3aBUcUMO. ITycTh ux k (xo-
TSI 3TO HE COBCEM OITHUMAJIBHO), U aJITOPUTMBI OTIepaIluii TaKue:

def Add (x):
for i=1,...,k:
T[h_i(x)]=True

def Test(x):
return (for all i=1,...k: T[h_i(x)]=True)

JpyruMu cJI0BaMH, Y Hac /It KOKJ0T0 3JIeMEeHTa eCTh k Xell-3HaueHU, U 6ce OHU JJ06aBJISIOT-
cs1 B TaGIUIly (MBI yCTaHABIWBAEM eIMHUYHbIE OUTHI B k MecTax GMTOBOTO BEKTOpa), IPU 3TOM
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MbI HE TIOMHUM, KaKasi UMEHHO Xell-(pyHKIUs Ux Jo6aBuia. [IpoBepsiss MPUHAJIEKHOCTb, MbI
CMOTPHM Ha BCe Xelll-3HAaUeHUs /It JAHHOTO X. Ecjin XOTs ObI OJTHO OTCYTCTBYET, TO 3JIEMEH-
Ta 3aBeJJOMO He ObLI0. HO BO3MOXKHA U OIIMOKA: 3JIEMEHTA HET, a BCE €ro Xelll-3Ha4eHUs eCTh
(TToTOMy 9TO OHM OBLTH JIJISI IPYTUX 2JIEMEHTOB). HaCKOJIbKO 3TO BEPOSTHO?

O11eHUM 3Ty BEPOSITHOCTb B MOJIEJIM CIYIalHOT'O OpaKyJia M IMOKaXXeM, 9YTO OHA SKCIIOHEH-
IIMAJIbHO YOBIBAET C POCTOM K.

Teopema 6. Qukcupyem snemeHmowl Xy, ... , X,, U HeKomopoe y & {x, ..., X;,}. Ml dobasasiem 8ce
X; U nomom npoeepsiem y ONUCaAHHbIM cnocobom. Tozoa seposimHocmsb ouwubku (omeema True) 6
Modeau cayuatinozo opakyaa (k cayuatinbix yHKYUL ¢ n 3HAUEHUAMU) He nPesocxooum

k

1
(1-5+=)
ede e, - 0 npun — oo, ecau k mMHozo 6oabuie n.

Habpocok dokazamenbcmea. B Mozesn CaydaitHOTo opakysia Kax/jioe xell-3HaueHue (y Hac ecTb
n = mk 3TUX 3HaAYEHUH JJIA X1, ... , X, U €1I€ k 3HAUEHU 719 V) BBIOUpPAETCsl HE3aBUCKUMO OT
ocTasibHBIX. I110X0, ecu Bce k mocaeHUX 3HaYeHU I BCTPeYaIucCh Cpeiu N paHee BbIOpaHHBIX,
Y HaJI0 OLIEHUTh BEPOATHOCTD ITOTO.

MO>KHO CKa3aTh, YTO CHavyajia Mbl 1 pa3 KpacUM OHY U3 1 KJIEeTOK (He obpalas BHUMaHUS
Ha TO, ObLJIa JIM OHA 3aKpallleHa PaHbIIe), a TOTOM k pa3 BEIOMpPAEM CJIy4aitHO KJIETKy — KaKast
BEpOSITHOCTB, UTO BCe k pa3 momai€Tcs 3aKpalleHHasl KjieTka?

I'pyb0 MOXKHO paccykjaTh Tak. HaliiéM MaTemMaThuecKoe OXKUJlaHHe YMcja He3aKpalleH-
HBIX KJIETOK I0CJIe N 3aKpallMBaHUN. DTO caydyaliHas BeJIMUMHA, KOTOPYIO Mbl 0003HaYuM F.
E€ Mo)xHO 3anucath Kak F; + ... + F,,, rae F; — UHAUKATOP COOBITUS «i-g KJIeTKa He 3aKpalleHa»
(MOXXHO CKa3aTh, 4YTO F; — 3TO YHCJI0 He3aKpallleHHBIX KJIETOK Cpefu i-i KyieTku). ITo uHe-
HOCTH JIOCTaTOYHO HAWTU MaTeMaTUYECKOe OXKUIaHNe KaKA0M U3 BeJIMYUH F;, KOTOpOe PaBHO
BEPOSATHOCTH OCTAThCS He3aKpallleHHOMH, To ecTh (1 — 1/n)", 1 yMHOXKUTBH Ha N.

Mg 3HaeM, 4To (1 — 1/n)"* =~ 1/e. [ToMuMO 3TOr0 MPUOIMIKEHUS, CeTaEM elE OTHO JI0-
nyuieHue (60see COMHUTENIbHOE). ByZieM cuuTath, 4TO YMCI0 He3aKpallleHHBIX KJIETOK B TOYHO-
CTH PaBHO CBOEMY MaTeMaTU4YeCKOMY OKHaHH0. TOr/ja BEpOSITHOCTH ITOTIACTh B 3aKPAIIEHHYIO
KJIeTKy paBHa (1—1/e), a BEpOATHOCTD TOTO, YTO ITO CIAYIUTCS k pa3 moApsiz mpu k He3aBUCUMBIX
TIOMBITKAX, paBHa (1 — 1/e)k.

Hamu onyiieHyst He B TOYHOCTU BEPHBI, I03TOMY B OKOHUATEIbHOM pe3yJibTaTe OyZeT elé
U £,, a TaKKe orpaHudeHue k > n (3To HY)KHO, IIOCKOJIbKY B TOYHOI OlleHKe Oy/eT U 4JIeH,
SKCTIIOHEHI[UAIbHO YOBIBAIOIINI C POCTOM 1 U HE 3aBUCSIIUU OT k). ]

AKKypaTHO CJIEAYET IIPUMEHATH HEPABEHCTBO A3YMI:>I, YTOOBI A0Ka3dTb KOHIOEHTPAIIUIO BE-
JIMYMHBI «9K1CJIO 3aKpall€HHBIX KJIETOK» OKOJIO MAaTEMATHUYECKOI'0 OXKMIaHMA

Hec0)kHO Ji0Ka3aTh CTPOTO HEMHOTO XY/IUIYIO OL[EHKY JJIsl OOJIbIIEro pa3Mepa TabGIUIIbL.
[TpeArno0KuM, 4YTO MbI XpaHUM MHOXKECTBO U3 He 6ojiee yeM m 3JIeMEHTOB, HCIIOJIb3yeM k
byHK1IUT, HO pa3Mep TabJMIIBI TENePh BABOeE OoJiblle: n = 2mk. Torja 3akpalieHHble KJIETKU
(ux He 6oJtee yeM mk) COCTaBJISIOT He OOJIbIIIE TIOJIOBUHBI KJIeTOK. KOor/ja OHM yKe KaK-To 3aKpa-
IIeHbI, BEPOSTHOCTD IIOIACTh B 3aKpallleHHYI0 KJIETKY (IIpU BbIOOpe Xell-3HaYeHUI B TOYKE )
He Gosblne 1/2. TI03TOMy BepOSTHOCTb CZleJIaTh 3TO He3aBUCHMOf] k pas He 6obie 27K,

MO>KHO CpaBHUTH 3Ty OLIEHKY C MpeAbIIyleii: TPU TOM XKe pa3Mepe TabIUIlbl HAJI0 B3SITh
B/[BOE MeHbIIIee Kk, TAK YTO YECTHO HY)XHO CPAaBHUBATh

k/2 k
1 K 1 k
— ~07°u(l1—-) ~0.63%,
2 e
3qDOpMaJ'IbHO Ha/Z0 3armrcaTtb BEPOATHOCTb OI_LII/I6KI/I KaK Cpe€JHEE 110 BCEM BOSMOXXHBIM MHOXXECTBAM 3aKpall€H-

HBIX KJIETOK YCJIOBHOM BEPOSITHOCTH OINUOKY ITPU JAHHOM MHOXKECTBE, M 3aMETUTD, YTO BCE ITU YCJIOBHBIE BEPOSIT-
HoCTH He Gostbine 27K,
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BHUIHO, YTO ITOJIYy4a€TCSd HEMHOI'O XY>KE.
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7.4. 3amauu

1. Ouenka jy1s puibTpa biryma 6pL1a oydeHa B MOZIe/IN Cay4daiHoro opakysa. Kak mogu-
(UIIPOBATh AJITOPUTM U/WIN pacCyKJieHue, YTOObI IIOJIYyYUTh OLIEHKY B MOJIeJIU C He3a-
BUCHUMBIM BBIOOPOM Kk Xel-(pyHKITUH?

2. O6a npejI0’)KeHHbIX aJITOPUTMA BBITJISIAT HEOITUMAJIBHO, IOTOMY YTO B TaOJIM1LIE 0)KUA-
eTCsl IlepeBec eIMHUIL] HaJl HyJISIMU WM Ha000poT. ITpe/yiookuTe U3MeHeH e IapaMeTpoB
U o1jeHuTe (XOTs1 6bI 6e3 cTpororo 060CHOBaHMS) 3(PHEKT OT TAKOTO U3MEHEHUSI C TOUKU
3peHMs COOTHOIIEHHUS OIIMOKU U pa3Mepa MaMsTH.

3. Kak moxxHO MoauduipoBatsh GuiabTp biayma, yTo6b1 0H 06pabaThiBajI U yjajIeHUs 3Jie-
MEHTOB, 3aMEHUB OUTHI Ha CUETUMKU? OlIeHUTE MECTO, KOTOPOe HY>KHO OTBOJIUTH Ha KaXK-
JIbIN CUETUMK.
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8. BbbIcTpas copTHUpOBKa: 3aa4U

AJITOpUTM OBICTPOI COPTUPOBKU N 0OBEKTOB ZICHCTBYET TaK: (a) BRIOUPAEM CITydaiiHbIi OOBEKT;
(6) cpaBHUBaeM Bce OOBEKTHI C X U JIEJIMM UX Ha MEHbIINE X U OoJblire X; (B) peKypCUBHO
BBI3bIBAEM AJITOPUTM JJIS1 KaXKJ 01 TPYIIIIBL.

1. OrueHUTe YUCJIO JeUCTBUU aITOPUTMA B Xy/ILIIeM U JIydlleM ciaydae (MaKCUMyM U MUHU-
MyM UYMCJIa CPAaBHEHHU 110 BCeM BapHaHTaM BbIOOpa CJIy4aifHOTO 2JIEMEHTA).

2. CuwurTasi, 4TO KX/bI{ pa3 BbIOOp 3/IeMeHTa /711 CpaBHEHUSI IPOU3BOAUTCS CIydaiiHo (paB-
HOBEPOSITHO B I'PyIIIie ¥ HE3aBUCHUMO OT pe3yJIbTaTOB MPEeAbIAYIINX BHIOOPOB), JOKAKUTE
peKyppeHTHY0 (hOpMyJIy [IJI1 MAaTEMaTUYECKOT0 0KHUJaHUS YMCJ1a CPAaBHEHUI:

onzl
T(n)=(n—1)+ ; T(i)
¢ HavathbHbIMU yestoBusiMu T(0) = T(1) = 0.
3. Jlokaxkure 110 UHAYKIUH, 4To T'(n) < cnlogn 111 HEKOTOPOTO ¢ U AJIs BCEX N.

4. PaccMOTpUM JIpyroii BAPUAHT CIyYaifHOTO BBIGOpA 3JIEMEHTOB: ISl KOKJIOTO U3 N 00BEK-
TOB BbIOEPEM CITyUalHBII «paHT» — PAaBHOMEPHO pacIipe/ie/IEHHOE AeICTBUTETHHOE YHC-
Ji0 B [0, 1]. TTocsie aTOr0 IMpu JIF060M 13 PEKyPCHUBHBIX BBI30BOB Oy/1eM BbIOMPATh JJIs1 CPaB-
HEHWUsI 3JIEMEHT HauMeHbIero paHra. (He nMeeTcst B BUJLy peaITM30BbIBATh 3TO B JITOPUT-
Me: 3TO JIIIb 3KBUBAJIEHTHOE ITPeJICTaBJIEHE BEPOSITHOCTHOTO BBIGOPA). ITyCTh X1, ... , X,
— CpaBHUBaeMbIe 3JIEMEHTHI B TIOPSIZIKE BO3paCTaHUsl. [[OKaKUTe, UTO X; U X;,, CPABHU-
BafOTCSI HABEPHSIKA, X; U X;, , CPABHUBAIOTCS C BEPOSITHOCTD 2/3 U BOOOIIIE X; U X; ) (TIpH
k > 1) cpaBHUBAIOTCS C BEpOSITHOCTHIO 2/(k + 1).

5. BeIBeguTeE OTCIOZA OLIEHKY JIJIs1 CPEJHETO YKUCIa CPaBHEHU I

1 1 1
T(n) <2n- (— + -+ ..+ —) < O(nlogn).
2 3 n
6. JIOKa)XUTe, UTO HOBBIH CITOCO6 CIYyIaifHOTO BBHIOOPA 3JIEMEHTOB SKBUBAJIEHTEH CTAPOMY

(1aéT TO XKe cpe/Hee YMCII0 CPAaBHEHU).

7. TIOKa)KHUTE, YTO BEPOSITHOCTD TOT'O, UTO OBICTPBIN aJITOPUTM COPTUPOBKHU ITOTPEOYET O0JIee
cnlogn cpaBHeHui, He 60sbIe O(1/C).

8. (ITpomomkenue) O1eHKY IpeAbIAyIIeil 3aa4il MOXKHO YIYYIIUTh CIeyIOIIUM 00pa3oM.
[Tycth d — ciy4yaiiHas BeJIMYMHA, BO3HUKAIOIIAS TIPU OBICTPOII COPTUPOBKE, U paBHAs
MaKCUMaJIbHOU ITyOHMHE PeKypCUH, 1 IyCTh D,, paBHO MaTeMaTUYECKOMY OXKH/IAaHUIO Be-
auHbl 2¢ Ipy GBICTPOil COPTUPOBKE 1 31eMEHTOB. JI0KaKUTe PeKyPPEHTHYIO (DOPMYILy

n—1

1 4!
D, =2.= D.D, ;)< ~ > D,
n nlzzomax( 1 n-—1 l)\nl:ZO 1

U BhIBeAUTE U3 Hed, uTo D, = O(n>). TIoay4uTe U3 3TOT0, YTO BEPOATHOCTD TOTO, UTO JJIsI
COPTHPOBKH 1 3JIEMEHTOB IIOHAZ00UTCsT GoJiee cn log n cpaBHeHniA, He 6osbuie O(1/n¢3).
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9. bBuHOMMaJIbHBIE KO3 (PUITHEHTHI:
HaIllOMUHAaHUeE U OIIeHKU!

» Yucno couemaruli U3 n 1o k €CTh YMUCJIO CIIOCOO0B BBIOPATh k pa3HbIX 371IeMEHTOB (6e3 y4é-
Ta MOPS/AKA) B N-3JIEMEHTHOM MHOYKECTBE, TO €CTh YMCJIO K-3JIeMEHTHBIX ITOIMHOKECTB
n-371eMEHTHOT0 MHOKecTBa. O603HaAUYEeHUE:! (Z ) (uHOTAA CK).

o OHU NOABJIAIOTCS B PAa3JIOKEHNU CTCIICHU 6uHOMAa

(@+b=(@+b)a+b)..(a+b)= > (Z)akb”_k.
k=0

B caMoM jiesie, Tocyie PacKphITUS cKo6ok wieH akb™* mospisercs, eciu Mbl BeIGepeM
k cko6oK, X HUX BO3bMEM @, @ B OCTUIBHBIX N — k CKOOKax Bo3bMEM b. KoadpuiimeHT
(KOJTMUeCTBO BXOXKJEHUU TAKOTO YJjleHa) paBeH YMCIy CIIOCOOOB BhIOpPATh 3TU k CKOOOK,
n
TO €CTb ().
®)

« BuHomuaabHoe pacnpedeneHue: BHIOEpeM HeOoTpUIlaTeIbHbIE p + g = 1 u OyieM He3aBU-
CHMO 1 pa3 6pocaTh (KpUBYI0) MOHETY X; C BEPOSITHOCTBIO ITOJYIUTD 1 C BEPOSITHOCTHIO P
(Torma 0 UMeeT BepOSITHOCTD q). PacripesiesieHye J1sl YUcia eAUHULL, TO €CTh JJIs1 CyMMBI
X, + ... + X, Ha3bIBaeTCs OMHOMHUAJIBHBIM U 33/1a€Tcsl PopMyJI0i

n
n
Pr X, =k|= Pr(X; =1ifi € Selse0,forall i) = kgn—k,
Sxi=k)= X i )= (1)

B camoM fiesie, COOBITHE «BBINTAJIO POBHO K €AMHUI» MOXKHO pa3OoUTh Ha (Z) Herepeceka-

IOLUXCS COOBITUM «eJUHUIIBI BBIMIAJIM HA JAHHBIX MecTax» (MecTa eAMHUI] 00pa3yioT S),
U K2XKJI0€ U3 3TUX COOBITUI (e[MHUIILI BHYTPU S, HYJIU BHE) UMeeT BeposTHOCTL pXgn—k
B CHJTy HE3aBUCUMOCTH (OHO SIBJISIETCS TTIepeceueHreM n COOBITUI BU/IA «JTaHHBIN OPOCOK
JlaJ1 TAaHHBINA Pe3yJIbTaT» ).

+ I'padpyix GUHOMHUAIBLHOTO pacIipesiesIeHHs C POCTOM 1 IPUOJIMDKAETCS K I'paUKy HOpMaJib-
HOTO pacripeziesieHus (Ha pUcyHKe rpaduk mpu n = 25).

0.16
1 /n
0.14 4 —
2 \k
0.12 A
0.10 A
0.08 -
0.06 A
0.04 4
0.02 1
0.00 1
T T T T T T
0 B 10 15 20 25
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9TO yTBepIK/IeHHe Ha3bIBaeTcsl TeopeMoit MyaBpa-Jlartaca (1 siBJIsIeTCSl YaCTHBIM CITy4da-
€M I[eHTPaJIbHOU Mpe/IeJIbHOU TeopeMbl ITPO CYMMY HE3aBUCUMBIX pacIipe/ie/IeHU )

« ®opmya JJid Yrciia COYeTaHUi:

n\ _ n!
k] kl(n-k)

Ecyin MbI BbIOMpasiu ObI HE TIPOCTO K-3JIeMEHTHBIE ITOJMHOXKECTBA, a BbIOUpasIu Obl k 3J1e-
MEHTOB B HEKOTOPOM IOpsifiKe (TIEPBBIi1, BTOPOIA,...), TO 3TO MOXKHO ObLIO GBI C/I€IaTh

n!

(n—k)!

crioco6aMu (TIepBBIH 3JIEMEHT MOYKHO BBIOPATH 1 CITOCOOAMHU, JIJIsT KQYKIOTO U3 HUX BTOPO
3JIEMEHT MOYKHO BbIOpaTh (1 — 1) crioco6amu, 1 Tak gajee). Ho mpy 3TOM MBI TTOCUMTaeM
Ka)Xi0e k-371eMeHTHOE TI0JI]MHO)KECTBO MHOTO pa3, a UMEeHHO k! pa3 (BO BceX BO3MOYKHBIX
ropsikax). COOTBETCTBEHHO HAJIO EIIE TTO/IeJTUTh Ha k.

nn-1)mn-2)..(n—k+1)=

» Y1006HBI cireyrolye (JIOBOJIbHO I'PyObIe) OIIEHKU:

k

® < (x) <P

k

log-scale

(Ha pUCYHKe ITOKa3aHO UX [TOBe/IeHHNE IIPU OTHOM 1 U Pa3HBIX k, 10 BEPTUKAIUN OTKJI/IbI-
BAIOTCS JIOrapu(PMBbl BceX TPEX BbIpaykeHU). [TockoJIbKy olieHrBaeMasi PyHKI[UsI CHUMMET-
pUYHA, TO B IIPaBOi MOJIOBUHE JIy4llle 3aMeHUTh k Ha k' = n — k:

log-scale
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. HepBYI-O (HI/I)KHIOI-O) OLECHKY MOXHO J10Ka3aTb, €CJIM 3aME€TUTDb, YTO B IIPONU3BECACHNN

n _n(n—l)...(n—k+1)_ﬂ.n—1_ n—i .n—k+1
k| k(k—1)...1 Tk k-1 "7 k—-i 7 1

n .
KaXK/1as ,Hp06b HE MCHBIIIEC E (YMeHbU_IeHI/Ie YHMCIUTEJIA 1 3BHAMECHATEJIA Ha | OTHOCHUTE/IBHO

BOKHEE B 3HAMEHATEJIE, TAK KaK YMEHBIIIaeMO€e MeHbIIIE — (HOPMAJILHO MbI ITOJTb3YEMCST
TeM, uto (n — i)k > (k — i)n).

e YTOOHKI A0Ka3aTb BEPXHIOIO OLI€CHKY, MOXXHO 3aME€HUTDb YHCJ/IUTEJIb TEX XK€ IIEPEMHOXKAE-
MBIX /:Lpo6ef/’1 Ha n 1 3aTEM I10Ka3aTb, YTO IIOCJIE 3TOI'0 YBEJIMYEHM A BEPXHAA OLICHKA BbI-

ITOJIHAECTCA. K K
n n en
(k) <7 <(%)-

BTopoe HEPaBEHCTBO (KOTOPOE OCTAIOCH JI0KA3aTh) 03HAYAET, UTO

. k
]
1 TYT MOXXHO BOCITOJIb30BATHCA OIMPEACTICHUEM SKCIIOHEHTHI KaK
k* k3 Kk
k
e =14+k+—=—+—+..+—=+..
2 3! k!

TaK YTO Mbl CPABHUBAEM CYMMY C OJJHUM U3 €€ WiIeHOB (KCTaTH, 3TO OIMH U3 JIByX HaU-
OOJIBIIINX YWIEHOB — HAYMHAS C HETO MbI YBEJIMUMBAEM YHCTUTETh B MEHBIIIEE YHCJIO Pas,
yeM 3HaMeHaTeJsIb). B Apyrux TepMuHax, 3T0 HWKHSS olleHKa Ha k!: oH 6osbiie (k/e)”.

« Yacro rpy0ObIX OIIEHOK IOCTATOYHO, HO TTOJIE3HO UMETh B BUAY U O0Jiee TOUHbIE TPUOIU-
sxeHus. 151 pakTopranioB 3To popmysaa CTUPIUHTA

k
k
ki =27k (5) 1 + (1))
(rpaBast Cko6Ka — MHOYXUTEJIb, CTPEMSIIIIUICS K eAUHUIIE TPU kK — 0), a 77151 GUHOMU-
AJIbHBIX KO3(PPUITEHTOB
n
~ 2nH (k/n),

r7ie IpUOIKEHHOE paBEHCTBO IIOHMMAETCS C TOYHOCTBIO /10 IOJIMHOMUAIBHOT'O OT 1 MHO-
YKUTeJIs1 (KOTOPBIU B JIOTapU(MUYECKOil 1IKajie MOYTH He3aMeTeH), a H(-) — GyHKIusg
sHTponuH IlleHHOHA, KOTOpas ompeiesiieTcs Kak

H(p) = plog (3 )+ (1 - p)log (1=).

10. BarancupoBka Harpy3ku (load balancing)

10.1. ITocTaHOBKA 3a/1a4uH

KOI‘,HB. TOJIITBI JIIOAeﬁ 3axX0JAT Ha HOHYJIHPHBII;’I C&fIT, OAWH KOMIIBIOTEP HE MOXKET HUX BCEX 00-
CJIY>KHUTb, TaK YTO HY>XHO MHOTO CEPBEPOB, HAd KOTOPBIC 3TU 3aIIPOCHI IICPECHAITPABJIAKOTCA. Kak
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OIIpEeJIe/IUTh, HAa KAaKOH M3 1 UMEIOIIUXCSI CEPBEPOB HAJI0 ITepeHaIpPaBUTh OYepeTHOM ITOCTYTIHB-
it 3ampoc? MoXKHO BBIOMPATh 3TOT CepBep CJIydailHO, HO TOT/Ia MU3-3a CIy4alHbIX (UIyKTya-
[ HEKOTOpbIE CepBEPhl MOTYT OBITh IMEepPerpy’keHbl, TaK YTO 3TO HE OYEHb XOPOIIO0. MOXKHO
BBIOMpATh HAaMeEHee 3arpy’KeHHBII cepBep, HO 3alIpallliBaTh Y BCEX CEPBEPOB, HACKOJIBKO OHU
3arpykeHsl, nosro.fl Cieayromias mpocrast uies (“the power of two choices approach”) 6buta
npejsioxkeHa B cratbe 1999 roga (Azar, Broder, Karlin, Upfal) u ncriosbp3yeTcss B nginx: Mbl CIy-
YaiiHO BbIOMpaeM JiBa cepBepa M HaIlpaBJisgeM 3aIllpoC TOMY M3 JIBOUX, KTO MEHbIIIE 3arpyKeH.
MO>XHO OAYMATh, UTO 3TO YJIYUIIMT JIeJI0 pa3a B iBa — HO Ha caMoM Jiesie 3deKT ropaszio
6oJb1IIE.

MpI 6yzieM paccMaTpUBaTh YIPOIIEHHYIO MOJIeJIb C M IIapaMU U 1 KOp3MHaMHU, B KOTOpbIE
MBI 3T IIapbl IToMelaeM (Kak IMPU XeIIMPOBaHUU). B riepBoM BapuaHTe MbI BbIOUpaeM JJIs
KQ)KJIOTO IIapa KOP3UHY CJIy4daiiHo 1 He3aBucuMo. Kak OyzieT pacipe/iesieHa MaKCUMaJIbHasl Ha-
IPy3Ka, TO €CTh MAaKCHMaJIbHOE YKCJIO IIapOB B KOp3uHe? MblI Oy/ieM paccMaTpuUBaTh CiIydail
m = n. OKa3bIBaeTCs, UTO C OOJIBIION BEepOSITHOCTBIO caMasl 3arpy kKeHHasi Kop3uHa OyJieT co-
JlepKath nopszaka log n/log log n mapos.

Bo BTOpoM BapuaHTe MBI AJIs1 KQXKZ0T0 111apa BbIOMpaeM dge CIIydalHbIX KOP3UHBI U KJIaZEM
11ap B KOp3UHY, I'/le IIapoB MeHblie. Torsia ¢ 60bII0NM BepOSITHOCTHI0 MAaKCUMaJIbHOE YMCIIO
11apoB Oy/ieT opsiZika Bcero b log log n — ropaszmo MeHblie.

Xots peasibHasi CUTyallUs OTJIMYAETCS OT MO/JiesIH (3arpockl 060pabaThIBAIOTCSA U CcepBep Io-
TOB [IPUHUMATh HOBbIE), HO U B PeJIbHOI CUTyalluy BBIOOP [IBYX CEPBEPOB OKA3bIBAETCS CYIIe-
CTBEeHHO 6osiee 3 PEKTUBHBIM.

10.2. CiayuaiiHbII BHIOOP

Jloka)keM, 4TO B MOJIEJIN CO CJIy4ailHBIX BBIOOPOM IIapOB C 6O0JIBIION BEpPOSITHOCTBIO Harpy3Ka
BceX KOop3uH He npeBocxofut O(log n/ loglog n).

C TOYKHU 3peHUs OFHOI KOP3UHBI IIPOLIECC IIPOMCXOAUT TaK: Ha KaXKZOM IIare, He3aBUCUMO
OT TIPEeABIAYIINX, T06aBISIETCS IIAp C BEPOSITHOCTHIO 1/7 (a ¢ BepoSITHOCTHIO 1 — 1/ HUYEro He
MeHsieTcs). JIpyruMHU CcJI0BaMU, MICKOMOE YMCJIO €CTh CyMMa 1 He3aBUCUMBIX CTy4aifHbIX BeJIH-
YUH X7, ... , X;;, KOK/as1 U3 KOTOPBIX paBHA 1 ¢ BEpOSITHOCTHIO 1/ 1 0 B OCTaJIbHBIX CJIyYasixX. DTO
OGepHYJUIMEBO paclpeiesieHUe «y JIEBOTO Kpasi», U ecTh TeopeMa IlyaccoHa, KOTOpasi TOBOPUT,
YTO eC/IU B OEpHYJIJINEBOM paclpe/ieieHuu p = A/n [l HEKOTOPOii KOHCTaHThI A, TO BEpOsT-
HOCTh 3HaUeHUs k cTpeMUTCs (IpU n — 00) K

e~k
Kk

3TO BhIpa)KEHUe TIpeJIcTaBseT co60ii oo k-ro uneHa (¢ AX) B cymme psza

A2 Ak
A _

CMBICJI 3TOIi TeOpeMBI B TOM, YTO IIpY OOJIBIINX A U MAJIBIX p BOKHBI HE CAMU N U P, a UX IIPO-
U3BeJileHrne A = np.

Bocnosibdyemcs noka Teopemoii Ilyaccona (kak ecsiv 661 OHa GbLIa TOUHBIM PABEHCTBOM) —
y Hac 4 = 1 1 BepOATHOCTb OOHAPY)XUTh B KOp3UHe k 11apoB nponopumroHanbHa 1/k! (c koad-
(ULIEeHTOM ITPONIOPIIMOHAILHOCTH 1/e, KOTOPBIN JieJIaeT CyMMy BeposiTHOCTe paBHOi1 1. Hac
MHTEPECyeT, HACKOJIBKO OBICTPO 3TH 00paTHbBIE (PaKTOPHAJIBI yOBIBAOT (C KAKOTO MECTA UX IOSIB-
JIeHUe MOYKHO CYUTATh MaJIOBEPOSITHBIM ). TOUHee, HaM HaJ[0 y3HaTh, C KAKOTO MeCTa XBOCT psifjia

4PacripeiesISITh 3aIIpOoChl ITPOCTO II0 KPYTY B HOPsi/IKe MOCTYIICHUS TOXKe IIJIOXO, TaK KaK JIJTUTEIbHOCTh 06pa-
GOTKU CUJIBHO 3aBUCUT OT 3aIIpoca.
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> 1/i! cocraBiisieT MaJIyo JOJIIO OT BCEH CYyMMBI 3TOTO psifia. YIeHbI psiia ObICTPO YOBIBAIOT (MBI
JleJTUM Ha i IpU Tepexo/ie K CAeAyIoIeMy YWieHy), T09TOMY XBOCT psijia He O0JIbIIIe ITOCTIe/THETO
OCTaBIIIErocs YieHa (JJIsT FeOMeTPUIECKOU MPOTpeccuu ¢ yObIBAaHHWEM BJIBO€ ObLJIO ObI paBEH-
cTBO). IT03TOMY MOKHO ITPOCTO OlleHUBaTh 1/k!. MBI 3HaeM, uTo k! > (k/e)* (a ecytu 661 He GLLTO
e B 3HAMeHAaTeJIe, TO ObLIa GbI BEPXHSISI OIIEHKA), ¥ 3TOTO 0CTATOYHO, YTOOBI TIOHSTh, YTO B3sIBf]

logn
=C—/0
loglogn

JIUIsT HEKOTOPOU KOHCTaHThI ¢, MOYKHO MOJIyduTh 1/k! < 1/n, a a1 60/1b111eii KOHCTAHTBI MOYKHO
nosyauTh U 1/k! < 1/n?. B camoM peite,

Ink! > In(k/e)* = k[Ink — 1] = doi[lnc +Inlogn —Inloglogn — 1].

loglogn

ry1aBHbIN wieH TyT c(log n/loglogn) Inlogn = ©(clogn), u mpu noAXoAsAIEM ¢ Mbl MOXKEM CZie-
JIATh 3TO BBIpaXkeHue 60Jblie n? (MM BoobIe JH000H crereHu n). [Ipu 3TOM ¢ BepOsSITHOCTD 00-
HAPY>XUTb B IAHHOI Kop3uHe 6oJb1re ¢ log n/ log log n mapos He Gosbiue 1/n2, u (union bound)
BEPOSATHOCTh OOHAPY)KUTh MPEBBIIIEHUE X0Mb 8 KAKOLi-mo KOp31He He 6osblie 1/n.

TakuM 06pa3oM, MbI «JI0Ka3aanu» (715 TIOAXOISIIIETO C), YTO C BEPOSITHOCThIO KAK MUHUMYM
1—1/n MakcuMaIbHOE YKCJIO IAPOB B KOp3MHAX He 6osbiie ¢ log n/ loglog n — B kKaBbIYKax, M0-
TOMY YTO MbI UCTTOJTb30BaU ITpubvkeHue [TyaccoHa. YToOBI clies1aTh U3 3TOTO CTPOTroe I0Ka3a-
TeJIbCTBO, ECTh Pa3Hble MOAX01bl. MOXKHO CpaBHUBATh O€pHYJIJIMEBCKYIO BEJTUUNHY (BBITIaJIeHHE
1 ¢ BEpOATHOCTHIO 1/1) C ITyaCCOHOBCKO U TTOKa3aTh, UTO IpU mapametpe (1 + 1/n)/n Bropas B
HEKOTOPOM CMBbICJIE MOXKOPUPYET IEPBYIO, a TIOTOM TIEPEHECTH 3TO HA CYMMY N HE3aBUCHUMBIX
BeJIMYMH. MOYKHO MCITOJTh30BaTh OIIEHKH OOJIBIIINX YKJIOHEHUH, O KOTOPBIX OYZIET PeUb JaJTbIIIE.
Ho B ;7aHHOM cJIy4ae Ipoliie BCero CZeaTh ITPOCTYIO SIBHYIO OI[EHKY: BEpOSITHOCTh 0OHAPYKUTh
B JJAaHHOU KOp3WHe kK IIapoB paBHA

k

n <1) (1 1)”_k<n(n—1)...(n—k+1)

k|\n = kink

1
Ha

n

<

1
(MBI HanUcaIU OPMYJTYy /11 OMHOMUAIBHOTO K03 puLieHTa, 3aMeHWIn 1 — — Ha 1, 1, HaKo-
n

Hell, 3aMeHWJTA Bce MHO)XKUTETH B UUCJIUTEIE Ha 1). Tak 4To MCKOMasi OLIeHKA JIETKO T0JTyJaeTCs
6e30 BcaKoli TeopeMbl [lyaccoHa.

Ha camoM Jiesie 3Ta orieHKa 6J1M3Ka K TOYHOM — MOXKHO JIOKa3aTh, YTO MPHU JIPyroit (MeHb-
11eii) KOHCTAHTE ¢ BEPOSITHOCTb TOTO, YTO HauboJiee 3aIl0THEHHAsT KOP3HUHA OyJIeT CO/lep)KaTh
He MeHblile ¢ log n/loglog n mapos, 6osbiie 1 — 1/n. Ho 3TOr0 MbI fiesiaTh He OyieM (TyT Hy>KHO
HEMHOT'0 60JIee CJI0)KHOE PacCyKAeHue).

10.3. The power of two choices

Tenepb MbI paCCMOTPUM JIPYT'OU BApUAHT paclipeZieIeHUs IAPOB M0 Kop3uHaM. ECTh n KOp3uH
U m 1WapoB. Mbl KIaZEM LIAphl TI0 OYEPeaU: ISl KOKAOTO 1apa BeIOUPAIOTC CIydailHO dge
KOP3WHBI, ! AP KJIAAETCS B MEHee 3arpy)kKeHHYI0 (T/ie MeHbIIIe IIapoB):

for t in {1,...,m}
BolbpaTb ABa uyucna i,j B {1,...,n}
if load(i) <= load(j):
[06aBUTb wap t B KOpP3MHY 1
else:
[06aBUTb wWap t B KOP3UHY J

5B BUJIE0 OITMCKA HAa CIakijie: TaM 3TOI IpoOU BMECTO M HAITUCaHO K.
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B aTom ajropuTMme IpezIiosaraeTcs, 4YTo YUcjaa i U j BRIOUPAIOTCS CJIydyaiiHO U HEe3aBUCHUMO
(mpyr OT zipyra, a TakKe OT BCeX MPe/IIEeCTBYIOLUX BRIOOPOB). B 4aCTHOCTH, IOMYCTHUM CIIy4aid
i=j.

STOT Tpoliecc SIBJISeTCs YIPOIIEHHOM MO/IeJIbI0 pacIpe/ie/ieHUs 33/JaHui 1o cepBepaM (B
peayIbHOCTH TIOTOK 33/IaHUU He TIPephIBAeTCs, & CEpBEPHI UX 00pabaThIBAIOT U YOUPAIOT U3 OUe-
peau — a 'y Hac uMeeTcss QUKCUPOBAHHOE YHMCJIO IIapOB U OHU HAKAaIJIMBAIOTCA B KOP3MHAX).
STU yIpOILeHUs IT03BOJIAT HaM JJ0Ka3aTh CJAEAYIOILYI0 OLIeHKY:

Teopema 7. Haiidémca makoe ¢, Ymo 8eposimHOCMb COObLMUA «MAKCUMAAbHOE YUCAO0 ULAPO8 8
Kop3uHe 6oabuie ¢ loglogn» 0as n kopsur u n/e® wapos cmpemumes k 0 npu n — co.

B HaleM mprMepe YKCJIO MIAPOB MPOMOPIIMOHATIBHO YHUCIY KOP3WH, HO C MaJIbIM K03(h(u-
rueHToM 1/e3. (SIcHO, YTO ¢ pOCTOM YuCJIa MIAPOB BEPOSTHOCTD IIEPEIIOTHEHNS KOP3UH PACTET
— 06aBOYHBIE IIAPHI MOXKHO HE KJIACTh, — ITO3TOMY PE3YJIbTAT BEPEH U JIJIsI JTIOOOT0 MEHBIIIETO
YUCJIa MapoB.)

Pr{max; Load(i) > cloglogn} — 0, n — oo, m < n/e?

Ha camoMm fiesie 3TO yTBEpIK/IeHVe BEPHO U [IJISL M = K, U BOOOIIIe AJIsl JIF060T0 K03 uiireHTa
MPOTIOPIIMOHAIBHOCTH, BXKHO JIMIIb, YTO m = O(n) (XO0Td KOHCTaHTa ¢, KOHEYHO, OyJeT Apy-
roii). Ho MblI /U1 Hayasia oKa)keM 3To Juid m = n/e® ~ n/20.

Ya006HO ITpe/icTaBJISTh cebe Mpollecc Tak: Mbl 6epéM rpad ¢ n BepmmHaMmu (kop3uHamu). 13-
HA4YaJIbHO B HEM HET pebep, HO 3aTeM MbI T10 oUepeiu 1006aBiisseM m pebep, U Kaxioe pe6po co-
eINHseT CJIy4aiiHO BbIOpaHHbIE /IBe BEpPIIMHBI (BO3MOXKHO, OHO Oy/IeT MeTJIEHN, eCTh BepPIINHEI
COBHAAYT). B KOHIIE MOIYyYNTCS HEKOTOPKIH rpad (BO3MOXKHO, C MET/IIMU U KPaTHBIMU pEObpaMu
— XOT$ TIpU HallleM BbIOOpe ITapaMeTpoB Ux Oy/ieT Masio). Takue ciydaiiHble rpadbl (1 61U3K1e
K HUM rpadbl Dpaénia — PeHbH, KOT/a U1l KaXK 01 Iaphl BEPIIUH HE3aBUCUMO C BEPOSITHOCTHIO
D BO3HHUKaeT pe6po MeXIYy STUMHU BEPIINMHAMU) XOPOIIO U3y4€HbI, U Mbl BOCIIOJIb3yeMCsI HEKO-
TOPBIMU BEPOSITHOCTHBIMU OLIEHKaMU, OTJIOXKUB UX JI0Ka3aTeJIbCTBO /10 CIEAYIOIIETo pasesa.
9tu oneHKHU (J1eMMbI P, ) ToBOPSIT, UTO ¢ GOJIBINON (CTPEMSINENCS K eIMHUIIE) BEPOSITHOCTHIO
B rpade Bce CBsI3HbIE KOMIIOHEHTHI UMeloT pa3dMmep O(log n), a cpefHee YHCII0 BEPIIMH B JIIOOOM
WHIyIIMPOBaHHOM Ttoarpade He mpeBocxoqut O(1). Otcroga OyzeT caefoBaThf, YTo ¢ GOJIBIIONMN
BEPOSATHOCTHIO MaKCUMaJIbHAs 3arpy3Ka BepIIMHBI (UMCJIO IIAPOB B KOp3UHE) Oy/IeT He 60JIblie
O(loglogn).

Jlemma 2. C geposimHocmblo, cmpemaweticsa K 1 npu n — oo, 8ce c853Hble KOMNOHEHMbL CAYUAT-
H020 epaga codepacam He 6osee 51n n gepuiuH.

B cnenyromieii jeMMe peub UIET MPO CTENEHU BEPIIMH B UHOYYUPOBAHHOM hodzpage. TO
03HAYaeT, YTO BRIOUPAETCS HEKOTOPOE MHOYKECTBO BEPIIVH S M OCTABJISIFOTCS TOJIHKO 3TU BEPILIU-
HBI U COeIMHSIONME X pébpa (BCE ocTasbHOE, B TOM YHUCIE pEGpa, COeAMHSIONINE S C BHEITHUM
MUpOM, yaassiercst). [Tosydaercst uHdyyuposarhbsiii nodepag G[S].

Jlemma 3. C geposimHocmbio, cmpemsawelicss k 1 npu n — 0o, 80 8cex UHOYUUPOBAHHBLX n002pa-
¢ax G[S] (npu arobom S C {1,2, ..., n}) cpedHss cmeneHb 8epULUHbL He NPesocxooum 5.

CorutacHO 3TUM JieMMaM (1 union bound, ecyiv GBITH ITETAHTUYHBIM ), C BEPOSITHOCTBIO, CTPE-
MsIleics K 1, B cilydaiiHO TTOCTPOEHHOM B XO7ie aJiIropuTMa Ir'pade BHITIOJHEHbI 00a 3TU CBOM-
CTBA, U OCTAETCs JOKa3aTh, UTO 3TU CBOMCTBA Cay4aiiHOro rpada rapaHTUPYIOT, YTO B KaXKJO0i

63amMeTuM, 4TO caM 110 cebe rpad elllé He OpeiesIseT 3arpy3Ky — BaXKHO, B KAKOM ITOPSIJIKE ZI00ABJISIOTCS pEGpa.
Ho MbI yBUAMIM, UTO €CJIA 3TH CBOMCTBA rpada BBIIIOIHEHBI, TO IIPU 11060M TIOpsi/ike o6aBIeHus pEbep 3arpyska
HEeBeJIUKA.
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Kop3uHe Oyzet He 60see O(loglog n) mapoB (HeE3aBUCUMO OT TOTO, B KAKOM IOpsiZike pébpa 1mo-
SIBJISIFOTCS).

BCIOMHMM, KaK IIPOUCXOUT HAIII IIPOIIECC: MbI TOPOXKAaeM pEGpa OTHO 3a APYTUM, U Y KaXK-
Zoro peGpa BrIOHpaeM MeHee 3arpyKeHHbIN KOHell (1 00aBJisieM Ty/ia map). B yacTHOCTH, Bep-
IIMHBI C MaJIOH CTENIeHbI0 HaM BOOOII[e HE OTMACHBI: JaYKe €CTU BO BCeX UHI[UJIEHTHBIX C HUMU
pébpax Oy yT BEIOpaHBI IMEHHO OHU, IIAPOB MHOTO He Oy/eT. SICHO U TO, UTO KXKYIO CBSI3HYIO
KOMITOHEHTY MOXKHO pacCMaTpUBATh OT/EJIBHO (TTOsIBJIEHHE PEGEP B APYTUX CBSI3HBIX KOMIIO-
HEHTAaX BOOOIIe Ha HEE HE BJIMSIET).

B Ka)x/1011 CBSI3HOI KOMITOHEHTEe MaKCHMasIbHAsl Harpy3ka He 6oJiblile pa3Mepa KOMIIOHEH-
ThI (U Ja)Kke He 60JIbIlIe MAaKCUMAaTbHOU CTeTIeH! BepIInHbI). Ho 3TOro Majo — OIjeHKa /i pas-
Mepa KoMIToHeHT Tosibko O(logn), a HaM Hy)XHa CYIeCTBEHHO JIydIlasi olleHKa. /1 Mbl 3HaeM,
YTO BIIOJIHE MOTYT ObITh BeplIHBI creneHu Q(log n/loglog n), Tak uTo HY>KHO 60JIee AeTaJlbHO
AHAJIM3UPOBATH ITPOUCXO/ISIIIEE BHYTPU KOMITOHEHTHI.

HWTak, 6yZieM paccMaTpUBaTh OFHY CBSI3HYIO KOMIIOHEHTY — KOTOpasl COBHA/IaeT C UH/AYIIH-
POBaHHBIM I'padoM Ha MHOXKeCTBe e€ BepiIrH. CpefHsIs CTelleHb BEPIINHBI B 3TOM Ipade He
6osbie 5 (ieMMa f§), mosToMy BepIIHHBI cTelieHH 10 1 BbIIIe COCTABIISIOT He OOJIbIIE TI0JIOBU-
HbI BepIIMH (HepaBeHCTBO MapkoBa). OcTaJbHbIE BEPIIMHBI UMEIOT CTENleHb He OoJIblle 9 U
Z1s1 Hac 6e30I1acHbl: 6oJIble 9 MIApOB B HUX He OyzeT TouHO. OTlacHbIe BEPUIMHBI MOXKHO pac-
KJIaCCU(UIIMPOBATh U Aajbllle. BO3bMEM MHYIIMPOBAaHHBIN IoArpad Ha OIMACHBIX BepIIMHAX,
oTOpocuB Ge30macHble BEPIIUHBI U PEOpa, B HUX BeAylre. Mbl 3HaeM, YTO I1OCJIe TaKOTO OT-
OpachIBaHUS CpeIHSIS CTelleHb MH/AYIIMPOBAHHOTO TToArpada cHoBa CHU3UTCA A0 5 (a 710 oTOpa-
CBhIBaHUS BCe BEPIIUHBI NMEJIH CTENIeHb He MeHble 10), 3HAYUT, He MEHBIIIE TTOJIOBUHBI B HEM
COCTAaBJISIFOT «OTHOCUTEIHFHO O€30MTacHbIE» BEPIITHUHBI. DTO pacCJI0eHHE MOXKHO ITPOZ0DKATh. Bo-
Jiee hopMasbHO,

S - komnorenle 9oy

ITyCTh S — KOMIIOHEHTA CB3HOCTU. B L; BKJIIOYMM BepLIMHBI CTelleHU MeHblIe 10, a B S; =
S\ L, — Bce ocTraBuIrecs BepunHbl S. Terepb paccMoTpuM G[S; | ¥ cTeneHU BEPILIVH 8 HEM: Te
BEpUIMHBI, Y KOTO CTelleHU MeHblile 10, BKJIIOYUM B L,, U Tak gajee:

So=S; Li={xeS;_;: degx <10}, S;=5S;_1\L;

Ha xa)xzioM 11are pa3mep MHOXKeCTBa S; yMEHbIIAeTCs 110 KpaiiHeil Mepe B/IBOe, II03TOMY YU CJIO
coéB He 6osbie log |S| = log(51nn) (BOT TOT ABOITHOM JorapudM, KOTOPHIM HAM HY>KeH —
sicHo, 4To log(5 In n) = O(loglog n) mpu 60sb11HX 11). OCTaIOCh OIEHUTD, CKOJIBKO IIAPOB MOXKET
IIOIIACTh B KOP3MHBI U3 L;: MBI YBU/IUM, UTO He O60siblIe 20i, U 3TO 3aBEPUIMT JJ0Ka3aTEIbCTBO.

C L, Bcé nipocto: Tam BooO1ie ctenieHU MeHblite 10. C L, Hafio y)ke pa3dupaThcsi: ecnu i € L,,
TO B KOP3UHY i IIapbl MOTYT IONa/aTh JBOSIKO: M3-3a p€6ep BHYTpH S, a Takke U3-3a peoep,
coeIUHSIOUX L; ¢ L,. PE6ep riepBoro Tutia cHoBa MeHblie 10 (rrotomy uTo B G[S; | Bce BepIITUHBI
u3 L, UMeIOT cTerneHb MeHble 10), a BOT pé6ep BTOPOIo THUITA MOXKET ObITh MHOTO: TTOCJIE€ TOTO,
KaK MbI TIEpEeIIU K S;, BCe 3TU p€Opa ObLIN BHIOPOIIIEHBI U He TIOMEIIaI BKJIIOUUTSD i B L,. Ho
(ksiroueBoit MOMEHT!) 3TU pe€6pa He MOTYT ITPUBECTU K TOMY, UTO YKMCJIO IIAPOB B i TIPeBBICUT 10:
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HAaIIl JITOPUTM He Oy/IeT KJIaCTh OAMHHA/IIATHIH 1Iap B i, TOCKOJIBKY IPOTUBOIIOIOXKHBIN KOHEI]
pebpa coziepxut MeHee 10 mapoB (a B i ux yxe 10). 3HAUUT, yBeTUYUBATh HArpy3Ky cBepx 10
MOTYT TOJIBKO PEGPA TIEPBOTO TUTIA, @ UX MeHbIIe 10. IToydaem, 4TO YKMCJIO IIAPOB B BEPIIUHAX
u3 L, menslie 20.

Jlajbliie MOXKHO paccy’kJaTh IT0 MHAYKIIMU: Harpy3Ka BeplInH B L; MeHbIe 10i. B camom fie-
Jie, TIOKa)KeM, YTO Harpy3Ka BepIIvH B L;  ; MeHble 10i + 10, cauTast, 9YT0 JIsI BCeX MPebIAYIIIX
9TO y>Ke U3BeCTHO. Bo3bMéEM BepiiuHy U3 L;, . E€ pé€6pa gensitcst Ha fBa Tvmna: (1) BHyTpU S; U
(2) péopa B Ly, ..., L;. PEGpa BTOpOro TUITA HE MOTYT ITOAHSTH HATPy3KYy i BbIlie 10i (IToToMy 4TO
Harpyska c Jpyroro KoHIja MeHslie 10i 1o peAnoIoKeHUI0 NHYKITUN), a pEbep IIepBoro TUIIa
MmeHbIte 10.

Teopema [] mokazaHa.
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10.4. 3amauu

1. OLeHuTe BepOATHOCTH MOSIBJIEHHS IET/IM U KPATHOTO pebpa IMPH CJIy9aifHOM ITOCTPOEHUH
rpada B TeopeMe [J, okaszas, 4TO OHU He IpeBOCXoAsAT 1/e3 u 1/e®.

2. TlombITaemcs ZI0Ka3aTh TeopeMy [4 uist caydast m = O(n) Tak: pa3oObeM [[00aBIISIEMbIE M
IIAPOB Ha TIOPLIMU 110 1/e3; [o6aBIeHre KaXKI0M TIOPIMHU 10 HAIIEMY aJITOPUTMY TI0 JI0Ka-
3aHHOMY yBesim4MBaeT Harpy3ky Ha O(loglog n), mopiuii y Hac O(1), 4 Bcero moJiy4aercst
Harpyska O(1) - O(loglogn) = O(loglogn), 3a nCKJITOUeHNEM IJIOXHX CIy4yaeB, KOTOPBIX B
O(1) pa3 6oJTbIIIE, UEM HA OJTHOM IIIare, [T03TOMY BEPOSITHOCTD HEYJJAYU CTPEMUTCS K HYJIIO.
YT0 HEempaBUJIBHO B 3TOM paccygeHnuun? Kak ero MoXXHO UCIIPaBUTh?

Crnepyromuii mar (gaxke ecim He ObUIO IJIOXUX CTydyaeB Ha MPeAbIAYIIMX 1Iarax) Hauu-
HaeTCs He C HyJIs, a y)Ke ITPU HEKOTOPOU 3arpy3ke, Tak 4YTO aJITOPUTM MOXKET BECTU ceOs
vHaye. Ho MBI MOYKeM 0600IITUTE TeopeMy [], curTasi, 4To M3HAYAIBLHO 3arpy3Ka BCEX BEP-
IIIMH He 00513aTeJIbHO paBHA HYJII0, & MOXKET ObITh U MeHbllle 0, 1 3aMeTUB, YTO 3TO He
IIOBPEJUT PACCYXKIECHUIM.

MO>KHO U IPOCTO COCIAThCS Ha YTBEPXK/IEHHE TEOPEMBI, I0Ka3aB MPeIBAPUTEIbHO TAKYIO
JIeMMYy O MOHOTOHHOCTH: €CJIU B MEPBOIl KOHPUTYpaIlUU B Jit000I KOp3uHe He 60JIbliie
I1apOB, Y€M BO BTOPOIA, TO 3TO CBOMCTBO COXPAHUTCS MPHU J0OABIEHUH 11apa M0 JII0O60MY
pebpy (cunTaeMm, 4To Ha pedpe HAIMCAaHO, KyZa Ha/lo KJIACTh IIPU PAaBEHCTBE).
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10.5. OTi0>X€HHBIE OLI€HKH BEPOATHOCTU

Hawm Ha/io 0Ka3aTh, YTO B OIMMCAHHOM IIpoIiecce ¢ O0JIbIION BEPOSITHOCTBIO He 00pa3yeTcs 60J1b-
IIWX CBS3HBIX KOMITOHEHT WMJIM MOJAMHOXKECTB C OOJIBIIION Cpe/iHell CTeleHbI0 B UHTyIITUPOBaH-
HOM I'pade. U To, 1 Apyroe MpouUCXOIUT, TUIIIb €CTU B UHAYIIMPOBAHHOM TToAirpade oKa3hIBaeT-
Cs1 MHOTO pé6ep: B CBSI3HOM I'pade ¢ k BepIIMHAMU He MeHbIIe kK — 1 pébep, a CpeiHsIsl CTENeHb
BepIIMHbBI paBHA YZIBOEHHOMY OTHOIIIEHUIO YU CJIa pE6ep K YMCITy BEPIINH (CyMMa CTeTieHel Bep-
IIIMH PaBHA yJIBOEHHOMY YHCITy pé6ep). [IoaToMy MBI BbIBEZIeM 00a pe3ysIbTaTa U3 o0IIIei o1leH-
KU TUIA «MaJIOBEPOSITHO, YTOOBI HAIILJIOCh TTOJIMHOYKECTBO U3 k BEpIIHUH, MEXKy KOTOPHIMU HE
MeHee | pébep», B3sIB pa3Hble 3HAUEHUS TTapaMeTPOB.

Kak o1leHUTh TaKyr0 BEpOSITHOCTh? MBI OLIEHUM €€ JIJIsl OJJHOTO TOJMHOXeCcTBa S u3 k Bep-
IIWH Y JJI1 OJHOTO CITUCKA U3 | 11aroB, Ha KOTOPBIX pEOpa BHYTpHU S ObLIM MPOBeJieHbl. Eciin
He)XeslaTeJIbHOe COOBITHE ITPOM30IILIO, TO 3TO IMIPOU30IILIO JIJIsI KAKOTO-TO S Y KAKOTO-TO CITUCKA,
[I03TOMY MOKHO MTPUMEHUTH union bound.

* KOJIMYECTBO BCEX K-3JIEMEHTHBIX TOJIMHOYKECTB S He GOJIbIIe
n ne\k
o) < (%)

¢ KOJIMYECTBO BCEX BAPHAHTOB BbI6paTb [ maroB 13 m BO3MOXKHBIX HE OO0JIBbIIIE

l
1)< ()

» BEPOSITHOCTH, UTO BCe pE€Opa C JaHHBIX M 11aroB MOMNaAyT B UHAYLIUPOBAHHBIN Ha S rpad
(TO ecThb BCe UX 2m KOHI[OB OKQ)XXYTCsl BHYTPU S), paBHA

)

G- %

Hac oHa MHTEpeCyeT B CUTyalluu m = n/e>. [IofcTaBUM 3TO 3HAYEHHUE:

Bcero I1OJIy9a€M BEPXHIOIO OIEHKY

(*) — ek—Zl . }’Lk_l . kzl—kl—l

(J1erko 1o ouepeay MIPOBEPUTH CTENIEHHU Y KXKAOTO M3 MHOXUTENEH e, n, k, 1). Terepb mocMoT-
PHUM, UTO 3TO AAET AJIs HAIIMX JIEMM. 3aMeTHM, 4TO B 9TOI OLIeHKe pa3Mep UHAYIUPOBAHHOTO
nozarpacda ¢pukcupoBaH (paBeH [), a B HAIIMX JileMMax IIIa peyb O CYIlleCTBOBAHNU MHAYIIUPO-
BaHHOTO To/[rpaca HEM3BECTHOTO pa3Mepa, TaK YTO HaM MOHAA00MTCS elé MPUMEHUTDh union
bound k ouieHKaM /151 pa3HbIX L.

Jokazameavcmeo nemmol . Ecau B HaleM ciaydaifHOM rpade ecTb KOMIIOHEHTa U3 k > 5Inn
BEPIIUH, TO B 9TOU KOMIIOHEHTe He MeHee | = k — 1 p&€6ep. KakoBa BepOATHOCTb TaKOT'O COObI-
Tus (HaTn4uusi k BepIIMH, MeXy KOTOPbIMU He MeHee | = k — 1 pébep) mpu gaHHOM k (11 TIpr
m = n/e*)? Ucnonb3yem Hauy oueHKy mpu k > 5lnnul = k — 1. Torga BelpaxkeHue () He
IIPEBOCXOJUT

e2 1

ek—zl . nk—l . kzl—kl—l — e2—k ‘n- kk—211—k < nSn . E

(k/D! < e3/n*.
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(MbI BBIGpackIBaeM MHOXHTeb 1/k 1 mob3yemcs Tem, uto (k/1)! = (1 + 1/1)! < e.) BusHo,
YTO 3Ta BEPOSITHOCTH CTPEMUTCS K HYJIIO, JTaXKe eCJIU IPOCYMMUPOBATH €€ 110 BCEM BO3MOXXHBIM
3HAYEHUSIM pa3Mepa CBA3HOU KOMIIOHEHTHI OT k = 5lnn 10 k = n (ux He 6ojee n MWTYK, a B
3HaMeHaTeJse y Hac n*). BripoueM, MO>KHO U HE CyMMHUPOBAaTh, 3AMETUB, YTO B JIFO60M CBA3HOM
rpade, rae k uau 6oJibllie BepIIUH, eCTh CBA3HBIN moArpad ¢ poBHO k BepuIiHaMU (BO3bMEM
IIPOU3BOJIBHYIO BEPIIMHY X Y BBIOPOCUM BepIIMHY, HaXOASAUIYIOCS Ha HauOOJbIIEM OT X pac-
CTOSTHUM, I'pad OCTAHETCS CBA3HBIM, U 3TO MOYKHO MOBTOPSITS). O

Jokazamenbcmeo nemmut J. Ham HaZi0 OIEeHUTH BEPOSTHOCTH TOTO, YTO HAUJETCS UHAYIIUPO-
BaHHBII NoATpad ¢ HEKOTOPHIM YHCJIOM Kk BEpIINH, B KOTOPOM CpeAHsIsI CTENIEHb BEPIINHBI He
MeHbIIIe 5, TO eCTh UMCJIO0 pE6ep He MeHblile | = 2.5k. B npeapiayieii jeMMe y Hac Oblia MEHb-
mias rpaHuia | = k — 1, HO TaM MBI pacCMaTpUBaJIU ciaydail k > 51nn, a cefiuac y Hac k MmoxxeT
ObITh J1I00BIM.[| CHOBA OLIEHUM TO K€ BhIpO)KEHUE:

1.5k
k=2 =l 21kl _ o=k LSk ek (0 5k)-25k = g4k . (3.5)=25K (%)

Tenepb 3TO Ha/I0 IPOCYMMUPOBATH 110 BceM k oT 1 10 n. ITocieHsst cko6ka He 6oblie 1, mo-
ATOMY MOKa3aTesb cTereHu 1.5k MoykHO 3aMeHUTh Ha 1. [Ipu k = 1 BeipakeHue He OoJiblie 1/n,
a c pocToM k Ha 1 BeIpakeHHe YObIBAeT He MeHee ueM B 2 pasa (IocieJHsIsl CKOOKa BO3pacTaeT
He OoJiee yeM B 2 pas3a, a MHOXKUTEJIU Ilepesi Hell yObIBalOT He MeHee yeM B 4 pasa). I[loaromy
BCs CyMMa He 6oJiblile 2/n (CpaBHeHUe ¢ reOMeTpUYeCcKoU Imporpeccueii co 3HaMeHaTesem 1/2),
Y 3TOTO IOCTATOYHO J|JI5 I0KA3aTeIbCTBA JIEMMBI.

]

"MOXKHO CYHTATh, uTo K < 5Inn, Tak Kak Bce OCTaJbHBIE CIy4au ITOKPHIBAIOTCS OL[EHKOM U3 IpeAbIAyIeit
JIEMMBI, HO HaM 3TO He Hy>KHO.
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11. 3agauu: oTpMIaTEeIBHBIE ACCOIIUALIUU

1. ToBopsT, 4TO ABa COOBITHS A U B B 0JTHOM BEpOSITHOCTHOM ITPOCTPAHCTBE TOJIOXKUTETBHO
[oTpuIaTETEHO | KOPPESTMPOBAHBI, ECITH

Pr(A AB) > Pr(A) - Pr(B) [cooTrBercTBeHHO Pr(A A B) < Pr(A) - Pr(B)].

Kak copMypoBaTh 3TO B TEPMUHAX BEPOSITHOCTEH? UTO MMPOUCXOUT C ITUMH CBOMU-
CTBaMH, €CJIU OJTHO U3 COOBITUM (MJIM 00a) 3aMEHUTH Ha AOITOJTHEHUSI?

2. Byaem roBopuTh, YTO [iB€ YKCJIOBBIE CAydaliHble BEJTMYMHBI (Ha OZJHOM KOHEYHOM IIpO-
CTpaHCTBe) & U 1) OMpuUYameabHO ACCOUUUPOBAHDBL, ECITH IJISI JTIOOBIX IIOPOTOB U U U COOBI-
i & > u M7 > U OTPUIATEJIBHO KOPPEJUPOBAHbBI. [[OKaKUTE, UTO 3TO PABHOCUJIBHO
TaKOMY YCJIOBHUIO: /ISl JIFOOBIX ABYX HEYOBIBAIOUIUX (DYHKIIUI f U g BBITIOJHSAETCS Hepa-
BEHCTBO

E(fe) <Ef-Eg.

[[1151 Hayas1a MOXKHO PacCMOTpeTh ciaydail QyHKIU ¢ IByMs 3HaUeHUAMU (CKaxeM, 0 1
1), a 3aTeM BOCIIOTb30BAThCS IMHEMHOCTHIO MATEMATUIECKOTO OXKUAAHU. |

3. O6061UIM 3TO OIpefiesieHe Ha Ciay4dall HEeCKOJIbKUX YMCJIOBBIX CJIyYailHBIX BEJIMYMH:
&1, ..., & ompuyamenvbHo AcCOYUUPOBAHDL, ECITU JIJISI JTFOOBIX TBYX YMCJIOBBIX (DYHKIUN [,
g, HeyObIBAIOIIMX 110 KXK/IOMY apTyMeHTY, BBITIOJIHSIETCS HEPaBEHCTBO

ECfCs s §08Ckr1s 5 80)) S E f(6, s §) - E 8(k41s - €n)

Y aHAJIOTUYHbIE HEPABEHCTBA JIJIs1 IPOU3BOJILHOTO pa30HeHUs BEJIMUUH Ha JIBE Herepe-
CeKarolrecs: rpynmbl. [IoKa)KHUTe, 9YTO 3TO SKBUBAJIEHTHO JIPYTOMY CBOMCTBY: JUJISI JIFO-
6BIX MOHOTOHHBIX BBepX MHOXKecTB U C R¥ u V ¢ R" K co6errus (¢,...,&) € U n
(k415 > &n) € V oTpuLIaTENIBHO KOppeIUpoBaHbl. (B 060MX cayuasx — U s QyHKIUIH,
U JUIsi COOBITUI — MBI pacCMaTpUBAaeM IPOU3BOJIbHOE pa3OreHUe Ha JIBE TPYIIIbI, He
TOJIBKO Ha Kk TIEPBBIX U N — k TTOCJIETHUX. )

Ha KOHEYHOM YaCTUYHO YIIOPSAJO0YEHHOM MHOXECTBe Jt00asi HeyObIBaroIass (PyHKIU
IIpe/ICTaBJISETCS B BU/I€ HEOTPULIATEIbHOM KOMOMHALIMY MHAMKATOPOB MOHOTOHHBIX IO/ -
MHOYKeCTB (Te€X MHOYXECTB, IZie 3Ta QYHKIUS O0JIblile HEKOTOPOTO ITOPOra).

4. TIokaxyTe, YTO €CJIU B IPyHIle OTPULIATEIBHO aCCOIMMPOBAHHBIX BEJMYMH 3aMEHUTH
HECKOJIBKO BEJIMUMH Ha HeyObIBAIOIIYIO (PYHKIIMIO OT HUX (CKaXKeM, CYMMY), TO TTOJTy4eH-
Hasl MeHbIIIasl TpynIa OyZeT No-IpeXKHEMY OTPULATEIbHO ACCOIMMPOBAHHOM.

5. HeszaBucuMble BeJMUYUHBI (OYEBU/IHO) OTPUIIATEIBHO aCCOIMUPOBAaHBI. [ToKakuTe, YTO
BepeH U 6oJsiee 001U (haKT: eCJIM €CTh HeCKOJIBKO TPYIII BeJIMYMH (Ha 0OJHOM KOHEYHOM
MPOCTPAHCTBE), U KAXKAAS TPYIIIa OTPUIIATEIbHO aCCOIMMPOBAHA, & CAMM T'PYIITHI (Kak
BEKTOPHbBIE BEJTMIMHBI) HE3aBUCUMBI, TO BCE BEJTMYMHBI OTPUIIATEIHBHO ACCOLIMHPOBAHBI.

[TycTh BETUUMHBI JIeJISITCS HA CUHHE U KpacHble, U HA60p CUHUX HEe3aBUCHUM C Ha6OpoM
KpacHBIX, a BHYTPU U CUHUE, U KPAaCHbIE T10 OT/IeJTbHOCTH OTPUIIATEIHHO acCOIUHUPOBa-
HbI. MOXKHO CUMTATh, UTO CHHUE OITpe/ieJIeHbl Ha OTHOM MPOCTPaHCTBe (), KpacHbIe Ha
npyrom (Q,), a Mbl yCpeZiHsIeM Ha ITPOU3Be/IeHMU ITPOCTPAHCTB Q2 X Q,. [TpoBepum oTpu-
1[aTeJIbHYI0 aCCOLIMMPOBAHHOCTD BCEX BEJIMYUH, B3IB JIBe PYHKIMU f(A;(w,), Ay(w,)) 1
g(By(w;), By(w,)). 31ech A; — cuHME BeJIMYUHBI, OT KOTOPBIX 3aBUCUT [, a B — CUHUE
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BEJINYUHBI, OT KOTOPBIX 3aBUCUT g (Pa3yIoKeHNE CUHUX Ha JIBE HETIEPECEKAIOITUXCS IPYTI-
IThI), aHAJIOTUYHO JJI1 A, U B,). Torga

Eo, Eo,[f(A1(@1), Ax(w,)) - 8(Bi(@1), By(w,))] <
< [Ecol[[[Ecoz Jf(A(@1), Ax(wy))] - [Eo, 8(By(@1), By(wy))]] <
< [[Ecul[[Ecuz f(A1(CU1),A2(502))]] : [[Ea)l[[Ecuz g(Bl(CU1)’Bz(CO2))]]

CHayvasia MBI T10JI3YEMCS TEM, UTO MPU (PUKCUPOBAHHOM @; B QYHKIUIX [ U g EPBbIA
apryMeHT ()UKCUPOBaH, U OCTAIOTCSI MOHOTOHHBIE (DYHKIIMU BTOPOTO aprymMeHTa (A, u
B, COOTBETCTBEHHO), TAK YTO MOXKHO TTPUMEHUTH OTPUIATEIbHYIO aCCOIMMPOBAHHOCTD
KPaCHBIX BEJIMYUH. 3aTe€M MbI UCIIOJIb3YEM TO, UTO 00€ BHYTPEHHUE KBaJpaTHbIe CKOOKU
B cpeJiHell (hopMyJie ABISIETCS MOHOTOHHBIMU (PYHKIIUSIMU OT A; U B; U NIpUMeHsieM OT-
pUILIATEIbHYIO0 ACCOLIMUPOBAHHOCTb CUHUX BEJTUYMH.

6. BriGupaem ciydaliHoe YUCJIO OT 1 10 1 ¥ pacCMaTpUBaeM UHAWUKATOPbI COOBITUI «BbIOpaH-
HOE YHCJIO», TO €CTh N CJIyJaliHbIX BeJIMYMH, U3 KOTOPBIX POBHO O/JHA paBHA €JUHUIIE, &
ocTasibHbIe HYJTH0.f| [TOKa)KUTE, UTO 3TU N CAYYAUHBIX BEJIMYUH OTPUIIATETHHO aCCOIUU-
POBaHBI.

EcJiv BeJIMYMHBI (IPyTUMU CJIOBAMU, YKCJIA OT 1 10 1) pa3/ie/ieHbl Ha JBE TPYIIILI 110 kK 1
| Bestmuunebl (k + | = n), ¥ B3ATHI TPOU3BOJIbHBIE MOHOTOHHBIE QYHKIIMU f U g OT 3TUX
TPYIII, TO KaKaas u3 QyHKIIUI OMpeaessieTcss CBOMM 3HaUYeHHeM Ha Habope U3 HyJIEH,
a Taxke Ha k (COOTBETCTBEHHO |) Habopax, B KOTOPHIX OJJHA €UHUIA — JIpyTUe KOMOU-
HaIlUX HEBO3MOYKHBI. MOHOTOHHOCTb O3HAYaeT, YTO 3HAYeHUe Ha Habope U3 HyJeil He
OO0JIBbIIIE BCEX OCTAJIbHBIX (M 3TO €JMHCTBEHHOE yCI0BUE). i3MeHeHNEe (QYHKIIMIT HA KOH-
CTaHTY He BJIUSIET Ha COOJTIOZIEHUE YCIOBUS, TIO3TOMY MOYKHO CYMTATh, YTO HA HabOpe U3
HyJ1eii QyHKITUS paBHA HYJTIO, 8 Ha OCTAJIBHBIX HA0Opax OHAa HeoTpHUIaTeIbHa. Tora oTpu-
1jaTeIbHAS aCCOITMUPOBAHHOCTh OYEBU/THA, ITIOTOMY UTO f g TOXKECTBEHHO HysieBast (ONH
13 IByX HA6OPOB HYJIEBOI), a Bce 3HaUeHUs f U g (M TTIOTOMY UX MaTeMaTHUYECKUE OXKHU7Ia-
HUST) HEOTPUIIATETBHBI.

7. MbI KJ1a7i€M IO O4Yepeay m MIAPOB B N KOP3WH, TPUYEM KaXK/IbIi 1Iap OIyCKAeTCA He3aBU-
CHIMO OT peAbIAyIuX. ITocse 3Toro Mbl cunuTaeM Iapbl B KOP3UHAX U TIOJIyYaeM n CJIydaii-
HBIX BeJIMYMH (X CyMMa paBHa 00111eMy YK CJTy IapoB m). [TokakuTte, 4TO 3TU CaydaiiHble
BEJIMYMHbBI OTPULATETbHO ACCOI[UPOBAHBI.

PaccmoTpum mn caydaliHbIX BEJTMYMH, COOTBETCTBYIOIIMX ITapam (11ap, KOp3uHa), TO eCTh
VH/IMKATOPBI COOBITUH TOMAIaHUs 1Iapa B KOP3WHY. Pa306béM MX HA TPYMIIbI, COOTBET-
CTByIOIIME 1apaM. Torga B KaXK0U TPyTIIie BeJIMINHBI OTPUIIATETHHO aCCOIUMPOBAHBI,
a TPYIIIIBI HE3aBHUCHUMBI, TaK UTO BCE OHU OTPUIIATEIBHO ACCOI[UUPOBAHbBI. A UHTEPECYIO-
€ HAC BEJIMYUHBI SIBJISIIOTCSI CyMMaMU («IT0 CTOJIOIIaM», €CJIM CTPOKH COOTBETCTBYIOT
apam).

8. (Ilpomomkenue) ITycThb B 3TOH 3a71aue BRIOPAH HEKOTOPBIi ITOPOT, ¥ KOP3MHA Ha3bIBAETCS
TIeperioJTHEHHOM, ec/iv B Hell 1mapoB 60s1blie nopora. IIycTb p — BEpOSITHOCTh KOP3MHBI
OBbITh IIepernoTHeHHOU. [Ioka)kuTe, YTO BEpOATHOCTh TOTO, UTO €CTh XOTsI Obl OfHA Iepe-
TTOJTHEHHAsI KOP3WHA, He MeHblie 1 — (1 — p)” (3TOT OTBET COOTBETCTBYET CJIy4ar0 He3aBH-
CHUMBIX KOP3UH).

Ycyi0BHAsE BEpPOSITHOCTD TEPENOJTHEHUS CAEAYIONIE KOP3UHbI ITPU YCJIOBUU HEMepeno-
HEHUS TIPeIbIAYIINX He MEHbIIIE, YeM Oe3 TAKOTO yCIOBUS.

8«Esxenu ryie yOoyZieT HeCKOJIBKO MaTePHH, TO YMHOXKUTCS B IPyTOM MecTe» (JIOMOHOCOB).
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9.

10.

11.

(ITpomomxenue) Ilycth BbIOpAHO S HeNlEpeCeKaIoUUXCs TPy M0 k KOP3UH B KaXZOMU.
ITycTh p — BEpOSITHOCTH TOTO, YTO JJAaHHAS I'PyTIIa KOP3WH 0Ka3asachk IycToi (0Ha o/iHA U
Ta JKe ISl BCeX Ipyni u3 k Kop3uH). [IoKa)XuTe, 9TO BEPOSITHOCTD TOTO, UTO XOTsI ObI OIHA
U3 TPYIII IMyCcTa, He mpeBocXoauT 1 — (1 — p)S (ITO COOTBETCTBYET CIydato He3aBUCHUMBIX

T'PYIIIL).
Yc0BHas BEPOATHOCTD ITIYyCTOU TPYIIIBI IIPU YCAOBUM HEITYCTOTHI BCEX MPEAbIAYIIUX HE
MEHbIIIe, YeM 6€3 TaKOTO YCJIOBUSI.

Vcnionp3yiiTe 3Ty TEXHUKY /IJIs aHAJIM3a 3a30POB: ITOKAKUTE, YTO MPU OOJIBLINX N BEPO-
SATHOCTb TOT'O, UTO IIPU Pa3MeIlleHNU 1 IAPOB B 1 KOP3UHAX OyJieT XOTs ObI OJJUH 3a30p
pa3mepa In n/2 (cTOJIbKO MOAPSAJ UAYUIVX ITyCThIX KOP3WH), CTPEMUTCS K 1.

BocrioysiHUTE TTPO6es B paCcCyXA€HUH U3 JIEKIIUI U TIOKKUTE, YTO JJIsI CIIyqasi 1 KOP3UH
U 1 IIapOB BEPOSITHOCTD TOTO, UTO BO BCeX KOp3UHax OyzeT MmeHee c log n/ loglog n mapos,
MaJia TIpY MaJjibIX ¢ (CKaXKeM, 4TO HaNAETCs TaKoe ¢, 9TO 3Ta BEPOSTHOCTh MeHbIIe 1/n?
TIpU BCEX N).
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12.

33}13‘{1/1: CpaBHCHMUC C IIYaCCOHOBCKHMM IIPpOLI€ECCOM

. ITyaccoHOBCKUI mpoI1iecc ¢ mapamMeTpoM A MOXXHO HepopMaIbHO OIHMCcaTh TakK. Bpems ot

BpEMEHM UTO-TO CiIy4daercs (CKakeM, IIETKaeT cCYETUMK [eifrepa, perucTpupyomui mo-
TaJlaHue 3apsDKEHHBIX 9acTUIT). [Tpu 3TOM COOBITUS «B JAHHOM UHTEPBAJIE BPEMEHU CITy-
YUJICST XOTSI ObI OJTUH IIETY0K» HE3aBUCUMBI JIJIs1 HeTlepeceKaIoUXCsl MHTEPBAJIOB, a JIJIst
WHTEepBasia MaJIOU IVIMHBI 8t BEPOSITHOCTH IieTuKa A5t +0(St) 17151 HEKOTOPOU KOHCTAHTBI
A. Ilycre & — cayyaiiHast BeJIMYMHA, paBHAass MOMEHTY IIEPBOTO IeIuka. Haiiure Bepo-
SITHOCTB Pr[&; > t].

BeposITHOCTH TOTO, UTO 3a BpeMs ¢ He OYZAET IIeTIKOB, MOXKHO TO/ICYUTATh, pa30UB Ha N
PaBHBIX YaCTel U TTOJIb3YysICh HE3aBUCUMOCTE: (1 — At/n)"* — exp(—At).

. Uemy paBHa yCJIOBHAsI BEPOSITHOCTH Pr[&; > t|& > s| (s u t — /Ba MPOM3BOJIBHBIX ITOPO-

ra)?

ITpu t < s 3TO, OUEBUIHO, 1, a IpU § > t 3T0 exp(—As)/ exp(—At) = exp(—A(s — 1)).

KakoBa BeposITHOCTD, UTO Ha uHTepBaje [0, t| OyaeT k memykos (ipu k = 0,1, 2,...)?

Ecnu pa3gennTh Ha h 4acTel UIMHBI {/n, TO BEPOSITHOCTD K 111eTYKOB Oy/1eT
(Z)(/u/n)k(l — At/n)" kK = [(ADK/k! e~ mpu n — .

JIpyTUMHU CJIOBAMH, TIOyJaroTCs WieHsl psifia 1 4+ At + (At)%/2 + ... + (A)K/k! + ... ¢ obmmm
MHOXKUTEIEM e A,

. KakoBa BeposITHOCTb TOTO, YTO UHTEPBAT MEXAY k-M U (k + 1)-M IIe;TYKOM O0JIbIIIE £?

B fonpefie1bHON CUTYaIliM MOYKHO ITO/ICYMUTATh BEPOSITHOCTD TOT'0, YTO MHTEPBaJI O0JIbIlIe
t, IpY YCJIOBUU TOTO, UTO K- 11I€TYOK TPOU30ILEI B IAHHBI MOMEHT (COOBITUS 10 ITOTO
MOMEHTA U IT0CJIe HE3aBUCHUMBI), U TIOJIyYUTCS TO YK€ pacIpesiesieHue, uto mpu k = 0.

KakoBo MaTeMaTU4eCcKoe OXXHUIaHUe YHUCJIa IETYKOB J10 ¢ = 1 B IIyaCCOHOBCKOM IIpOLiecce
c mapamMeTpom A?

W3 fornipefie/IbHOM CUTyaliy BUJHO, YTO OHO PABHO A.

ByzieM /1711 KaX0T0 1eT9Ka 6pocaTh He3aBUCUMYI0 MOHETY M pellaTh, OCTABUTH €ro Un
BBIOPOCUTD. YTO MOTyYnTCA?

ITyaccOHOBCKUI IpoIiecc, HO TTapamMeTp A YMEHBIIUTCS BABOe (aHATU3 JIOTIpeZiesIeIbHOM
CUTYaIUH).

. HYCTI) IIapaJiyIEJIbHO ITPOUCXOISAT IBA HE3aABUCHUMBbIX ITYaCCOHOBCKHUX ITpOLECCa C IIapaMET-

pamu 4; u A,. O6beHsIEM UX LETYKU B OJIUH ITpoiiecc. YTo moyunTcs?

ITyaccoHOBCKUI IIpo1jecc ¢ TapaMeTpoM 4; + 4, (pPacCMOTPUM [JONIPEeNbHYI0 CUTYALIUIO).

. PaCCMOTpI/IM n HE3aBUCHUMBIX ITPOIECCOB C IIapaMETPpOM 1,B KOTOPBIX IIETIYKHN — ,ZLO6aB-

JIeHUe 11apa B OJIHy M3 1 KOP3UH. ITO TO K& caMoe, YTO OJINH MPOIECC C TapamMeTpoM A,
B KOTOPOM I10CJI€ TIOSIBIEHUS 11apa 6pocatoT KyOHK, YTOOBI PELIUTh, B KaKyt0 KOP3UHY OH
ronaZ€T. Terepb pacCMOTPUM TPU MOMEHTa: ¢ = 1/2, MOMEHT, KOT/ia BCero Oy/IeT n Ia-
POB, 1 MOMEHT ¢ = 3/2. [ToKa)KuTe, YTO C IKCIIOHEHIIMAIBHO O6JIM3KOM K 1 BEpOSITHOCTHIO
BTOpPOI1 MOMEHT Oy/IeT MeXXAY ITePBbIM U TPETHUM.
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B psify 1u1sl ek MakcUMasIbHBII YieH IpUMepHO C HOMEPOM K, eC/TM PACCMOTPETh WIeHBI

7o ck mpu ¢ < 1 wiau nocye ck opu ¢ > 1, ToO OHU BMeCTe IKCIOHEHIIMAJIbHO MaJibl B
CpaBHEHUHU C k-M 4JIeHOM.

. Vicniosib3ys mpebIAYILYIO 3324y, TTOKKUTE, YTO /I MOAXO/SIe KOHCTAHThI ¢ BEPOSIT-
HOCTB TOTO, YTO TP pa3MeleHUH 1 IIAPOB B 1 KOP3UHAX MAaKCUMaJIbHAsI Harpy3ka OyzeT
6oJibiie c log n/loglogn, ctpemurcs k 1 ipu n — oo.

MO>KHO BMECTO 3TOT'0 PAaCCMATPUBATh ITyaCCOHOBCKUI MTPOILIECC C TapaMeTpOM 1 U pacKJya-
ZIbIBAHMEM LIapOB, ITI0KA He OyAYT pas3sioyKeHsl n mapoB. C BepOATHOCTbIO, CTpeMSIIecs
K 1, 9T0 mpou3oUAET rosxe t = 1/2. C Apyroi CTOpoHbI, €CJI 000PBATh B MOMEHT ¢ = 1/2,
TO MPOILIECCHI B KAXKJ 0N KOpP3UHE He3aBUCHMBbI, Y BEPOSITHOCTD MOJIYUYUTh k 111apoB Oy/ieT
e~ 12(1/2)k/k! ~ 27©K1logk) i ecnu 3Ta BemMuMHA MOpsAAKa 1/4/1, TO ¢ 60JIBIION BEPOST-
HOCTBIO B OJHOM U3 KOP3MH TaKO€ MPOUB0UAET.
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13. OneHKH 00JIBIINX YKJIOHEHUH 151 CyMM

13.1. ITlocTaHOBKA 3ajauun

EcTh MHOTO M36HpaTeJieii, KOTOPhIE TOJIOCYIOT 33 OJTHOTO U3 IBYX KaHAUAATOB (Ha30BEM UX +1
u —1). Corosiornyeckasi Cy)xoa n pa3 BeIOUpaeT (paBHOMEPHO M HE3ABUCUMO) CIYIATHOTO
M30UpaTesIsi U 3alMCHIBAET €ro MPeIIoUTeHUs, TToTydast n yucen X, ..., X, € {—1,1}. 3arem
OHa GepET CpesiHeEe U3 ITUX N TUCEJT

= 1

X=->X

i

Y CITOJTIB3YET €ro JIJIsI PeJICKa3aHusl Pe3yIbTaTOB BHIOOPOB:
e X < —0: mipeAcKa3biBaeM —1;
« X >6: npe/icKa3biBaeM +1;
¢ —8 < X < &: HUUEro He Mpe/ICKa3bIBAEM.

3neck & > 0 — HEKOTOpPBIN MOPOT, YeM OHO OO0JIbllIe, TEM OCTOPOXKHEe MpejicKa3aHus (6osblie
IIIAHCOB OTKAa3aThCs, MEHBIIIE IIIAHCOB OIMTUOUTHLCS ). YTOOBI 0CO3HAHHO BBIOPATH J, BAYKHO YMETh
OIIEHUTDb BEPOSITHOCTH OIIMOKH TTPU Pa3TUUHBIX J.

[Ipuxogum K TAKOMY BOIIPOCY:

KaKo8a 8eposimHocmo, Ymo cpedHee no 8bLoopke 6ydem 60abUle UAU PABHO O, XOMS HA
camom Odene kaHoudam —1 umeem npeuMyu,ecmeo UAU 204008 NOPOBHY?

KoHeuHo, MBI TyT JileJlaéM MHOTO MCKYCCTBEHHBIX IPE/IIOJI0KEHHU: YTO BCE YUACTBYIOT B
TOJIOCOBAaHUU U C/IeJIaJTN BBIOOP, YTO OHU COOOIIAIOT CBOU BHIOOP, HAKOHEI], YTO MBI MOXKEM CJie-
JIaTh N HE3aBUCUMBIX PAaBHOBEPOSATHBIX BEIOOPOB (MBI CYMTAEM, YTO MOXKEM HECKOJIBKO pa3 BbI-
OpaTh OFHOTO M TOTO JKe YeJI0BeKa — 5TO YIIPOLaeT aHaIu3). BCE 3T0 B peasIbHBIX CUTYaI[UsIX
He TakK, HO JlaBaiiTe MpoaHaJIUu3upyeM XOTs Obl YIIPOILEHHYIO.

SIcHO, 4TO BEPOSITHOCTH OLINOKU Oy/leT MaKCUMaJIbHOM, €CJIM Ha CaMOM /jiejie HU4bs (eciu
repeBec B OTPHUIIATETHHYIO CTOPOHY, TO BEPOSITHOCTh TOTO, UTO cpeZiHee OyzeT & Uau OOJblIle,
MOJXET TOJIbKO YMEHBUIUTHCS). Tak YTO MHTEPEeCYIOIIUii HaC BOIIPOC MOXKHO TepedopMyIHpo-
BaTh TaK:

ecmb N He3a8UCUMbLX CAYHALIHbIX 8eAUMUH X1, ... , X, Kadcoas npuHuUMaem 3HAUeHUs
1 u —1 ¢ pasHbimu seposmuocmamu. Kaxosa eeposmuocms mozo, umo X > 6?

B TepMHrHax 4acToT:

Mbl 6pocaeM UeCMmHyYr0 MOHemy n pas, KaKkoea 6epoAntHOCMb moeco, 4mo uacnmoma

1
eduHuy, 6ydem > + g uau 6oavuie?

13.2. Pa3HbIie CIIOCOOBI OII€HKH

Kak o11eHUTb 3Ty BEpOSTHOCTB?

« MO)XHO BBIUUCJIUTH €€ TOYHO, BBIYMCIUB CyMMY COOTBETCTBYIOI[UX OMHOMHAIBHBIX KO-
a¢pureHToB (6€pHYJUIMEBO paclipefiesieHue).

e MO)XHO CpaBHHUTb CO BCTIOMOTATeJIbHOM MepPOii — CMEIEHHBIM GepHYJITUEBBIM pacIipe-
nenenvieM (y Hac ObLIa Takas 33/1a4a).
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+ MOXXHO BOCIIOJIB30BaThCsI MPUOIIDKEHUEM «IIEHTPATBHOUN MPEIETbHOU TEOPEMBI», CO-
IJIACHO KOTOPOMY CyMMa GOJIBIIIOTO YMCJIa HE3aBUCUMbBIX BEJIMYUH UMeeT paclipejiesie-
HUe, 6JIM3K0e K HOPMaJbHOMY. MaTeMaTHdeckoe OKUAaHNe BEJTUIMHBI X PABHO HYJIIO
(KaK cymMMa HYyJIEBbIX MaTeEMAaTUYECKUX OKUJAHUM), a IUCTIepcysi paBHa 1/n (y Kaxmoi
BEJIMYMHBI IUCTIEPCUS paBHA 1, 1T HE3aBUCUMBIX BEJIMYMH OHU CKJIAIBIBAIOTCS, a TP
JeJIEHUH Ha N JUCHEepPCUsi JeauTcs Ha n?). OGBIYHO JUCIIEPCHS B CTATUCTHKE 0003Ha-
qaeTcsl 02, TaK UTO 0 = l/ﬁ. JlJisi HOpMaJIbHOTO pachpeiesieHUs ¢ MaTeEMaTUYeCKUM
OXXUJIAaHUEM U U JJAHHBIM O BEPOSITHOCTD ITPEBBICUTH TTOPOT Z paBHA

1 1 —erf ZZH

2 V2o /I

TaK 4To JJIsg Hallero ciay4das nosaydaercs (1 — erf(dv/ n/2))/2. ®yukuus erf (error function)
orpeziesisieTcsl KaK MHTETpaJl, U MPOrpaMMBbI /iist He€ 0ObIYHO eCTh B OUOJIMOTEeKaX MaTe-
MaTUYeCKUX (PYHKIIW, TaK YTO €€ HECTIOXKHO BBIUMCIUTH ITPU HEOOXOTUMOCTH.

Ho uenTpasibHas mpejiesibHasi TeopeMa (TeopeMa MyaBpa-Jlariaca) 06bIYHO He BKJIFOUA-
eT B ce0s1 OLIEHKY CKOPOCTU CXOJJUMOCTH, TaK UTO, CTPOTO r'OBOPSI, U3 HE€ HUYEro He CJie-
AyeT J/1s1 KOHKPETHOTO .

B ciepyroniux paszesiax Mbl HOKaXkeM, KaK ITOJIyIUThb yJ00HbIe OLIeHKH, MCII0JIb3Ys] HepaBeH-
cTBO Mapkosga.

13.3. MareMaTru4eCcKoe OKUJaHHWE U IKCIIOHEHTA

HepaBeHcTBO MapkoBa M03BOJIIET HANTUCATh TAKYIO OLIEHKY /11 HEOTPUIIATEIbHOM CaIydaitHO
BEJIMYMHEI X :
PriX >t} < @

B Haiiem ciiydae MOXKHO MPUMEHSITh €T0 K CZIBUHYTOM HEOTPULIATETbHOU BeJTUYUHE (UUCIIO0 Op-
JIOB TpU n 6POCAHUSX): MAaTEMATUUECKOE OXKUTAaHUE PABHO /2, T03TOMY, CKaXKeM, BEpPOSITHOCTD
TOT0, YTO OyZIeT He MeHbIlle 60% OpJIOB, He peBocxoquT 0.51/0.6n = 5/6 (4TO UMeeT MaJIo CMBbIC-
Jia: 0 COOOpaKeHUSIM CUMMETPUH BEPOSITHOCTh, YTO OPJIOB Oy/IeT O0JIbIIIE, YEM pellekK, 3aBe/0-
MO He 0o0Jiblile 1/2 — TIepBbIii 6JIMH KOMOM).

Bosiee pa3yMHBIH CIIOCO6 AEHICTBUI: TPUMEHUTH HEPABEHCTBO MapKoBa K IUCTIEpCUH (TOT/ia
OHa Ha3bIBaeTCsl HepaBeHCTBOM YeObliéBa). Bo3Bpamjasch K CHMMETPUYHBIM 0003HAUEHUSIM,
3ameyqaeM, 4to gucnepcusi X, + ... + X, paBHa n (aJAUTUBHOCTH [|JI1 HE3aBUCUMBbIX BEJIUYUH),
JeJIeHUe Ha N JeJIUT AUCIIEPCUIO Ha N2, TaK 9TO AUCTIEPCUs X paBHa 1/n, TO ecThb E((X)?) = 1/n
(MaTemMaTUYeCKOE OXKUIAaHUE PaBHO HYJIIO, TAK UTO BEIYUTATH €0 He Hafl0). [loaToMy

1

= —\2
Pr([X| > 8) = Pr((X)’ > 8%) <

Yike sydiiie — XO0Ts ObI TIpU (PUKCUPOBAHHOM O BEPOSATHOCTb OTKJIOHEHUS CpeHEro Ha 0 Un
60JIbllIe CTPEMUTCS K HYJIIO C pocToM n. Ho MezijieHHO.

Ha camoM fiesie MOXKHO MOJTyYUThb 9KCIIOHEHITUAIBHO YOBIBAIOIIYIO (C POCTOM 1) OLIEHKY, eC-
JIM BMECTO KB3/IpaTa B3sITh SKCIIOHEHTY. ITOT MpUEM ObLI mpeyiokeH Cepreem HaraHoBuyeM
BepHInTeitHOM (a TIOTOM MHOTO Pa3, BUJUMO, IIEPEOTKPBIBAJICS ). MBI ITPUBEEM OIIEHKY, KOTO-
PYI0 MHOT/]a HAa3bIBAIOT OIleHKOI X&éDamHra (a Hora — olleHKou BepHInTeiiHa miu YepHOBA).
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13.4. Onenka XédgauHra

HaM Hy>XHO OIIEHUTb BEPOSTHOCTb COOBITHUS

Ero Mmo>xHO niepernucaTth Kak
f&Xi+..+X,) > f(6n)

JUIsI JIFOOOI CTporo Bo3pacTaroieit GyHKIUU f (110 OYEBUHBIM MPUYNHAM), & 3aTEM ITPUMe-
HUTb HEpaBEHCTBO MapkoBa yxe K BesnyuHe f(X; + ... + f,,) — ecau Mbl cyMeeM HalTu eé
MaTeMaTU4YeCKoe OXKUaHMe. B kauecTBe f MOYXHO B3SITh ITOKA3aTEIbHYIO (PYHKIIHIO C KAKUM-
TO OCHOBaHMEM, YJI0OHO 3aIHcaTh eé Kak f(x) = e?*. Haim oneHKy 6yAyT BepHBI JJIS JTI060T0
A > 0, HO TTOJTy4aThCst OyZIeT pa3HOe — U MBI BBIOEPEM A TaK, UTOOBI TTOJTYyIHUIACHh MAKCUMAJIBHO
CUJIbHASI OLIEHKA.

Yewm xopoiia 3KkcrioHeHTa? MbI 3HaeM, uto s Heé f(u + v) = f(u)f(v), Tak 4TO UCKOMOE
MaTeMaTUYeCKOe OKUJIJaHNEe PABHO

EfX+ .. +X,) =E[f(X1) ... X =E[fXD]- ... - E[f(X)]

(MaTeMaTHYeCcKoe O’KUaHUE ITPOU3Be/IeHU ST HE3aBUCUMBIX CJIy4aiiHbIX BesTuuuH f(X;), ..., f(X},)
PaBHO TTPOU3BEIEHUIO X MaTeMaTUUeCKuX oxkumanuii). Bee E[ f(X;)] oquHakoBbie 1

et +e 4

ELf ()] = E[e?i] = =25

(Benb X; MpUHMMAET 3HaYeHHs 1 U —1 ¢ BeposTHOCTHIO 1/2, a f(t) = e*. Jlus moceHeii 1po6u
€CTh JIaXKe CIIeI[UaJIbHOe Ha3BaHUe (TUIIepOOINYECKUil KOCUHYC). EC/IM BCIIOMHUTD Pa3JIoiKe-
HUE B PsiJT ISl SKCITOHEHTHI U TTOJICTABUTD €T0 CIO/Ia, TO HEYETHBIE CTETIEHU COKPAIAIOTCS U

ITepBbIe Ba YIeHA TaKUe XKe, KaK B psijie AJIst

(/12/2)2 N (/12/2)3

A2/2 _ 2
e =14+ 1%/2+ o 3

+ ...,

A 7iaJIBIIIe YJIeHB] y TUTIEP6OIIITIecKOro KOCUHYCa MeHbIIe, TOToMy 4To 2K - k! =24 - ... - 2k <

(2k)!). Tak yTo MOXXHO o1leHUTD E[ f(X;)] CBepXy: 3TO MaTeMaTUYeCKOe OXKUaHHUE He GOJIbIIIe
A2/2
ete,

Bcero nmosrygaem
E f(X) + o+ Xp) < (e2) = 42,

TaK 4TO BEPOATHOCTb COOBITUA X + ... + X, > Sn He OoJiblIe
E f(X; + ... + X,))/f(6n) < e"A*/2/e0n = o(4/2=62)n

BcmomuHaeMm, 4To Mbl IM€EM IIPAaBO BHIOPATh A, U 3aMedyaeM, YTO KBaIPATHBIN TPEXUJIEH B I10-
KazaTeJie CTENEHU JJOCTUTAaeT MUHUMYMaf] mocepeirHe MeXx Iy KopHIMU A = 0 u A = 28, TO eCTh
npu A = §, ¥ IOJTy4aeTCs TaKasi OI[eHKa:

Teopema 8 (HepaBeHCTBO X&pauHra).

PI‘{XI + ... +Xn > 5} < e_n52/2'
n

=

9Ec/iu He 3HATD MPO KBAAPATHBIM TPEXUWIEH, MOXKHO MPoAn((HepeHI[UPOBATh BRIPAXKEHHUE 110 A.
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HepaBeHcTBO XépanHra

[ oKa3aTenbcrTso:

Ay -2
IE[e’lXi] _e +e

5 — cosh 1 < e?*/?

cosh(x)

Plot: Wolfram Mathematica

C omHO# CTOPOHBI, HACTOSII[IIE MATEMATHUKU He 3aMEeHSIOT [0Ka3aTeIbCTBA
KOMITBIOTEPHBIMU TpauKaMU, HO C IPYTOU CTOPOHBIL...

BujiHO, 4TO 3Ta OIleHKAa HAaYMHAET JIefCTBOBATh IMpU 1/4/n < § (UTO COOTBETCTBYET 3HaUe-

HUIO JUCTIEPCUH 1/n: TUIIMYHOE OTKJIOHEHNE UMEET MOPSI0K 1/4/1), HO 3aTO OBICTPO YObIBAET
C pocToM n. B Hell OlleHMBaeTCs] BEpOSITHOCTh OTKJIOHEHUS B OHY CTOPOHY — YTOOBI yYeCTh
OTKJIOHEHUSI B 00€ CTOPOHBI, HaJIJ0 YMHOXKUTb BEPOSATHOCTD Ha 2:

X . ¢
Pr{'—1+n+ n

—_ns2
2 5} <2€ ndé /2’

H (€C/TH TIEPEUTU K t = On)

Pri|X, + ... + X,| > t} < 2e~17/21,

13.5. Ouenka YepHoBa

Jpyrasi o1ieHKa /i1 BEPOSITHOCTU ITPEBBILIIEHMSI CYMMBI TT0 CPABHEHUIO C MATEMATUUYECKUM OXKHU-
JlaHUEeM JTa€TCsl TAKUM HEpPaBEeHCTBOM (KOTOpOe MHOT/Aa Ha3bIBAIOT «HEPABEHCTBOM YepHOBa»)

Teopema 9 (HepaBeHCTBO YepHOBa). ITycmb X, ..., X, — He3asucumble cCAy4aliHble 6eAUUUHDL,
npurumaroujue sHaverus 8 [0,1], u E X; = ;. Toeoa

e/,c)t
- ’

PriX; +..+X, >} < e‘“( t

ede u = Wy + ... + W, — mamemamuueckoe oxcuoarue cymmol X1 + ... + X,,.

3amMeTuM, 4TO Ipu ¢ = y MpaBasl 4acTh paBHA 1 (M HEPABEHCTBO TPUBUAJIBHO), [JaJIblIe C
pOCTOM ¢ MpaBast YaCTh YMEHbIIaeTcs (YTO MOYKHO ITPOBEPUTH AuddepeHIIpoBaHUEM ), HO XO-
polias oIjeHKa MOoJIy4aeTcsl, JIUIIb €CIU [ B HECKOJIBKO pa3 GoJIblIIe K.

B aTOM HeEpaBeHCTBe XOPOIIO TO, UTO ITpaBasi YaCcTh BOOOIIE He COMEPIKUT n («OIleHKa He
3aBHCHUT OT Pa3MEpPHOCTH 33/jaum»). Ero MoKHO mepeopMyIMpOBaTh TaK: IyCTh HEKOTOpas Be-
sguHa § MOXKET ObITh MPEJCTaBIeHa B BU/IE CYMMbI HE3aBUCUMBIX CITyYalHbBIX BEJIMYUH CO

43



3HaYeHUsIMU B [0, 1] (BCE€ paBHO KaKUX U CKOJIbKO UX), U UMEET MaTeMaTHIECKOE OXKUJIAHUE [U.
Torsa BepoSTHOCTh TOTO, UTO OHA IOCTUTAET Mopora t > W, He TPEBOCXOIUT YKa3aHHOM OLIEHKU.

Jloxazamenbcmeo. CHOBA HCIIOB3yeM MeTof BepHiTeitHa 114 Toii xe dpyHkmmu f(x) = e?*,
HO TeTleph Y Hac X; MOXKeT TPUHUMATh JTI00bIe 3HaueHus B [0, 1]. YToGHI o1ieHUTh cBepxy E[e1Xi],
BOCITOJTb3YEMCS T€M, UTO rpauK 3KCIIOHEHTHI Ha OTpe3Ke [0, 1] JIEXKUT HUXKE XOPAbI, COeTUHSI-
IOIEH KOHIIbI KPUBO# («IKCIIOHEHTA BBIIYKJIA BHU3»):

E[e™i] < E[1+4X;(e* — 1)]

HepaBeHcTBO HYepHoBa

AO Ka3aTenbCTBO:
o tex(ep()-1)
~~— exp(2x)

L L L L
0.2 04 06 08 1.0

e <1+x(e*—1)npux € [0,1]

ITosTOoMy i
E[e*i] <E[1+X;(e* — 1] =1+ p(e* —1) < et~V

(B mociefHEeM HepaBEHCTBE MBI MOJIb3yeMcs TeM, uTo 1 + u < e* mpu u > 0, TIOCKOJIbKY B
pazyioKeHUH e¥ B psi/i MOXKHO OCTAaBUTB TOJIBKO ITEPBbIH WieH). BcrioMuHas mpo He3aBUCHMOCTD,
MoJIy4aem, 4To

[E[e/l(X1+...+Xn)] — H [E[elXi] < He“i(e’l‘l) — ezim(eﬂ_n — ey(exl_l)_
i i

Teneps HepaBeHCTBO MapkoBa 1a€T
PrX, + .. + X, > t} < M@ -D-2t

Y 3TO BEPHO MPU JIOOOM A, TaK YTO MOXKHO BBIOPATh A BBITOJHBIM /IJIs1 HAaC criocoooM. JTudde-
PEHITMPOBAaHHe MOKA3BIBAET, YTO CTOUT B3ATh ue’ = t, To ecTb A = In(t/u), 9TO FAET OIEHKY

Pr{X + .. + X, > 1} < eHUB=D=IWR — ot=R/(¢/p),

YTO U JAET 06eIlaHHYIO OLIEHKY (IT0CJ/Ie OUeBUAHBIX ITPe0Opa3oBaHUM). O
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HepaBeHcTBa
BepHwTenH, YepHoB 1 Xébaunnr

www.AdvancedAlgorithms.com/ru

(NB: Bce Tak uM HHaYe CBsI3aHbI ¢ Poccueii, CM. BUKUIIEIHIO)

13.6. 3amauu

1. ITpuMeHUTe BCe M3BECTHBIE CPEJICTBA I OLIEHKU BepOSITHOCTH TOTO, 4yTO M3 100 6poca-
HUI1 MOHETHI OyzieT 60 1r 60JIblile OPJIOB, Y CPAaBHUTE Pe3yJIbTAaThl MEX/1y COOOM U C TOY-
HBIM 3HaYEHHEM BeposiTHOCTU. TOT ke Borrpoc iyt 1000 6pocanuii 1 600 opJioB.

2. Jloxaxkute 6oJiee 0OLIMI BapUaHT HepaBeHCTBa XEpauHra: ecau Xy, ... , X, — HE3aBUCH-
Mbl€ BeJIMYUHBI, [IPA 3TOM MaKCUMaJIbHOE€ I MUHUMAaJIbHOE 3HaYeHUe X; OTJINYAIOTCA He
6osbire veM Ha d;, a u = E[X; + ... + X,,], TO

Pr[X) + o+ X, > p+t] < e 2 Eidi
CMm. caenyrowuii pasaet.

3. IMosoxum B orieHke YepHoBa t = (1 + §)u. ITokakuTe, 9TO TOT/IA U3 JJOKA3aHHOTO HEpa-
BEHCTBA MO>XHO BbIBECTU

n —82u
Pri> X; > (1+8)up < ezvs
i=1

K} —52u/3 6
(ampu § € [0, 1] mpaByto YacTh MOXKHO 3aMEHUTD Ha e , 1 3TOTO0 ObIBAET JJOCTATOYHO).

4. BoreHke YepHOBa MbI IPEIIOIATAIN, UTO MaTeMaTUYECKOe OXKUTaHe CyMMBI X +... X,
paBHO u. [ToKaXuTe, YTO JOCTATOYHO MPE/IIOIaraTh, YTO OHO He IMPeBOCXOAUT U. (ITO He
TaK OYeBU/THO, ITIOTOMY YTO IIpaBasi 4acTb He MOHOTOHHA 10 )

Z[O68.BI/IM B CyMMY HECKOJIBKO ITOCTOSHHBIX CJIArd€MbIX, YBEJINYKMBAOIINX MATEMATHUYE-
CKO€ OXKUAAHHUE [0 U, KOKA0E€ N3 KOTOPBLIX HE ITPEBOCXOAUT €AMHUIIBI. Tor/:[a HEPABEHCTBO
LIEE];)HOBEI AaCT NCKOMYIO O EHKY IJIsd BEPOATHOCTHU OOJIBIIIETO COOBITHSI.
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14. HepaBeHCTBO A3yMbI — Xé(daAUHTra AJ11 MAPTUHTAJI0B

14.1. 3aueM OHO HY>KHO

Jloka3aHHBI HAMU BapUaHT OLleHKU XEDIUHTa 1 TJIF0C-MUHYC €IMHUL], Ha TPAKTHUKE MaJlo
1oJie3eH: JJid OMHOMUAJIbHOTO pacipesieieHUs1 Y Hac ecTb opmysia ¢ GaKkTopruajlaMUu U MOXK-
HO C 60JIBIIION TOYHOCTHIO OLIEHUBATh OMHOMHUAJIbHBIE KO3(PHUIINEHTHI, UCIIOIb3YST (HOPMYIY
CrupauHra i ¢pakTopruaioB. PeaspHO Hcnob3yeTcs: 60siee 061U BapUaHT, IPUBEJEHHBIN
BbIIIIE B KAYECTBE 3aJjaUM: €CJIU Cay4daliHble BeJIMYUHBI X1, ..., X, HE3aBUCUMBI U pa3Max CJIy-
YalfHO# BesJIMUMHBI X; (pasHUIA MEX/y e€ MaKCUMaJIbHbIM 1 MUHUMATbHBIM 3HAU€HHEM) He
6osb111€e d;, TO BEPOSITHOCTBD IJ1s1 X + ... + X, IPEBBICUTH CBOE MaTeMaTHU4YeCKOe 0)KUJJaHUE Ha ¢
He TipeBocxoauT e~ i 47,

HHorja Hy>KeH U ellé 6osiee 001U BapraHT. BCIOMHUM, KaK MbI KJIaJIM M 1IaPOB B 1 KOP-
3MH (He3aBMCHMO 1 pPABHOBEPOSITHO) 1 UHTEPECOBAJIUChH, CKOJIBKO KOP3UH 3aHATO. MaTeMaruye-
CKOe 0)KMJJaHME YUCJIA 3aHIThIX KOP3MH OBbLIO JIETKO BBIYMCIUTD I10 JIMHEUHOCTH (I10JIy4aIoCh
1 — (1 — 1/n)™), HO HACKOJIbKO BEPOSITHBI CUJIbHbIE OTKJIOHEHUS OT Hero? MOXKHO 3arucaTh
X =X; + ... + X,;;, onpefennB X; KaK yBeJIMUYEHNE YUCJIA 3aHATHIX KOP3UH Ha 11are i, To ecTb 0
WM 1 B 3aBUCMMOCTH OT TOT'0, IIOTIAJT ILIAp i B yoKe 3aHATYI0 KOP3UHY WM B CBOOOAHYI0. Ho Ben-
YUHBI X; He SIBJISIOTCSI HE3aBUCHUMBIMU (4eM 60Jibllle KOP3UH Y)Ke 3aHSTO, TO €CTh YeM OO0JIblIIe
X + ... + X;_1, TeM BeposATHee MOIaCTh B 3aHATYI0 KOP3UHY U MOJYy4UTh X; = 0).

Tem He MeHee KK/IbIN 1IaTr MaJjIo BJIUSET Ha Pe3yJIbTat (eCJIU MePesoKUTh Ky/1a-TO TOJIBKO
i-#1 map, TO YMCJI0 3aHATHIX KOP3UH U3MEHUTCS He O0JIbIIe YeM Ha eIMHUILY ), ¥ BCE pAaBHO BEpeH
pe3ysIbTaT O KOHLEHTPALMY BEeJIMYMHBI BOKPYT €€ MaTeMaTU4YeCKOro 0KUJaHUsl. ITO rapaHTU-
pyeT HepaBeHCTBO A3yMbl — X€hAMHIa, KOTOpoe GOpPMYIUPYyeTCs IPUMEPHO TaK:

Ecau cayuaiinas eeauuuHa onpedensiemcs 8 pesyabmame cAy4atiHo2o skcnepumeHma
U3 n cmaoutl, NPUUEM U38eCMHO, YUMo usmeHeHue Ha i-ii cmaduu MeHsaem pesyabmam
He 60abule uem Ha d;, Mo 8epOSAMHOCHb NPEBbLCUMb MAMEMAMUMECKUM OHCUOAHUEM

212/ 42
Ha t He npesocxodum e 2 Zidi,

B ciiydae m1apoB ¥ KOp3WH y HaC m CTaAiiii U Bce d; paBHBI 1, TaK UTO MbI [I0JIy4aeM OLIEHKY O/JHO-
_9¢2

CTOPOHHETO OTKJIOHEHHUS OT MaTeMaTHIECKOTo 0XUaaHus e~ 2"/™ (a 1ByCTOPOHHEr0 — BJIBOE

60JB111e, TIOCKOJIBKY MOXXHO IIOMEHSTh 3HAK U MOJYYUTh CHMMETPUYHYIO OI[EHKY ).

14.2. TouHasa (popmMyIUPOBKaA

[TpesncTaBUM CIydaiiHbIi 9KCIIEPUMEHT B BUjIe ZiepeBa. Hauas ¢ KOpHs, Mbl BbIOMpaeM (C KaKUMHU-
TO BEPOSITHOCTSIMU ) TIEPEX0/], Ha CJIeIYIOIINI yPOBEHb, 3aTEM Ha CIIEAYIOUINU, PUYEM BEPOSIT-
HOCTU IIepexo/IoB (Zja ¥ caMo KOJIMYECTBO MCXOZI0B) MOXKET 3aBHCETh OT BepIINHBI. 11 Tak Jjajee
k pa3. B KoHIle KOHIIOB Mbl MIPUXOAMM B JIUCT JIepeBa, U B 3TOM JIUCTE HAIKCAHO (3apaHee)
YHCJI0 — pe3yJIbTaT HaIIero CAy4aifHOTO 3KcrepruMeHTa. [TolyyaeM HEKOTOPYIO CIy4aiiHyIo
BEJINUUHY, U HAC OyZleT MHTePeCcOBaTh BEPOATHOCTb OOJIBIION0 OTKJIOHEHUS 3TOM BEJIMYMHBI OT
e€ MaTeMaTU4eCKOro OXKU/IaHus.
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Ha pucyHke Mbl HaYMHaeM W3 KOPHS U MIePeXOAUM C BEpOSITHOCTSIMU Py, ..., Pi (B cymMe 1) B
OJJHy M3 BEPILIUH CJIeYIOLIer0o YPoBH:. /lasiee Mbl ITepexofuM Ha CJIeIyION[Uil YPOBEHb: eCJIN
MBI B BEpXHEl BEpIIUHE, TO C BEPOSITHOCTSIMHU Py1, ..., €CJIA B CIEYIOLIEH — TO Py, ... ¥ TaK Ja-
Jiee. B 3TOM IIpuMepe TOJIBKO B YPOBHS, II03TOMY Cpa3y ITOCJIe 3TOTO OIPeIesISIeTCs pe3yIbTaT
(4UCTI0 X;j, €CIU B TIEPBbIH pa3 mepexof GbUT 10 pedpy i, a BO BTOPO — 110 j). BeposTHOCTH
TIOJIy4UTb X; j, TAKMM 00pa3oM, paBHa p; - p;;j (3HAYEHHUS X; j MOTYT ITOBTOPATHLCS, ¥ TOT/A HAJIO
CJIOXKUTDH BEPOSITHOCTH IT0 BCeM BapuaHTaM). [1oJIyqnId HEKOTOPYIO CAyJaiiHyI0 BEJIMYMHY, U
HAac MHTEpeCyeT BEPOSITHOCTb GOJIBIIIOTO OTKJIOHEHUS 3TOM BEJTMYUHBI OT €€ MaTeMAaTUIeCKOTO
oxxujianus. (J171s1 60JIbIIET0 YMCIa YPOBHEH MPOIecC aHAIOTUIHBIIA. )

MareMaTryecKoe OXKUJIaHWEe MOXKHO IOJICUMTATh CIIPaBa HAJIEBO — B KaXK/I0i BepIINHE
MOXXHO HAITUCATh YCJIOBHOE MAaTEMATUUECKOE OXKUJJAaHWE TP YCIOBUM TOTO, YTO MbI TTPOIILIH
yepes 3Ty BepIIKHy. Ha pucyHKe Ha IIepBOM YPOBHE MOYKHO TOZICYUTATh X; = ) P;iX;j, & IOTOM
HIO/ICYUTATH MATEMAaTHUECKOE OXKUJAHNE B KOPHE: X = Y, p;X;. MOXKHO ce0e jayKe IPe/ICTaBIISTh
HalIII ITPOI[eCC KaK JIOTEPEr0: CHaYasIa y Hac eCTh X JIeHeT, Ha TIEPBOM IIIare MbI C BEPOSITHOCTBIO p;
IIePEX0/IUM B OIHY M3 CJIEAYIOLINX BEPIINH, 1 I10CJIe 3TOr0 y HAaC CTAaHOBUTCA X; JieHer. Torja Ha
KQKJIOM IIIare MPOIECC «IECTHBIN»: MaTeMaTUYeCKOe OXKUJIAHUE JI0X0/]a Ha 9TOM IIIare paBHO
HYJIIO.

Terepb MOXXHO OTIpe/IeSTUTh pa3bpoc d; — KaK MAKCUMAALHYIO PA3HULY Medcdy Mamemamu-
UeCKUMU 0HCUOAHUAMU cpedU 8ePULUH i-20 YPOBHS ¢ 00ujum omiuom. B Hatiem mpumepe d; paBHO
max(xy, X,, ...) — min(x;, X, ...). Ha BTOpoM ypoBHe Hy>KHO HaXO/AUTh I10 OT/IeJIbHOCTH pa3bpoc
B KOKZ01 TpymIie ¥ 6paThb HAUOOJIbILINIA:

d, = max[max(xyi,...) — min(x;y, ...), max(x,y,...) — min(x,, ...), ...}

HHbIMU cJI0BaMU, pa3bpoc d; Ha ypOBHE i 03HAYAET, YTO U3MEHEHHE pe3ysIbTaTa i-Iro CIyJaiHo-
ro mara (Ipy1 HeM3MeHHBIX ITPEeJbIIYIINX) MeHsIeT MaTeMaThiecKoe okuAaHue (ycpeHeHHe 10
BCEM CJIe/IyIOIUM I1aram) He 6oJjiee yeM Ha d;.

Teopema 10 (HepaBeHCTBO A3ymbl — Xédaunra). Ecau 6 npoyecce onucaHHo20 8uoa ¢ n sma-

namu pazbpoc Ha i-m waze He 6oabuie d;, MO 8ePOAMHOCHb MO0, UMO pe3yAbmam npouecca
. _9¢2 2 2

NpesbiCUmM C60¢ Mamemamuueckoe o¥cUudanue Ha t uau 6oavuie, He npesocxodum e 2t/ (di+..+dn),

14.3. [Toxa3aTeJIbCTBO HEpaBeHCTBA A3yMbl — X€(dauHra

CBHHYB BCE€ Ha KOHCTAHTY, MOXKHO CUUTATh, YTO MaTeMaTU4YeCKoe O)KUZaHue (X B HallleM IIpu-
Mepe) paBHO HyJt0. Torja pe3ysabTaT Ipoliecca MOXKHO MPEJCTaBUTh cebe KaK CyMMy M3MeHe-
HU Ha KaKI0M niare. B HalieM mpuMepe Mbl 0T 0 TIEPEXO/IUM K X;, & 3aTeM OT X; K X; j, TAK UTO
U3MEHEHUsI PABHbI X; U X;j — X;.
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Cnenyst BepHiTeliHy, Mbl BbIOMpaeM (IT0Ka MTPOU3B0JIbHOE) A > 0 1 OLleHUBaeM CBepXy Ma-
TeMaTHdeckoe oxxuanue e?X | re X — pesysbTar skcrieprMeHTa (a TOTOM AeIuM Ha e, mpu-
MeHsIsl HepaBeHCTBO MapkoBa). B Haliem mpumMepe

AX _ Axii
E et =" pip;jet*i.
i’j

Kak MbI roBOpMJIM, X TIPEACTABJISETCA B BHUJE€ CYMMbl UBMEHEHUN Ha KOKAOM IIare, Tak 4To
IIPOZIOJKUM PaBEHCTBO:

= Z pipije/lxiel(xij—Xi) — Z pie/lxi Z pije/l(xij—xi)'
i J

i’-]

Tenepb HY>XHO BCIIOMHHUTD KJIFOU€BOM TEXHUYECKUU 111aTr B A0Ka3aTeJIbCTBE [JId IIJTIFOC-MHUHYC
€AHHUI: MbI UCITOJIb30BaJIM HEPABEHCTBO

-1 A
e " +e 2
2 St

CJleBa HAIIMCAHO MaTeMaTHYeCKoe OXKHJAHUE e, Iyie & — cydaiiHas BeJIMYMHA, ITPUHIMAO-
11as 3Ha4eHus +4 ¢ paBHBIMU BEPOATHOCTSIMU, U pazbpocoM 24. Ham moHao6uTcst 06006111eHre
9TOTO YTBEPIKIEHUS:

Jlemma 4 (Xépaunr). Ecau E & = 0 0as cayuatiHoli éeauuunbsl §, u pasHuya mexcoy eé Haubonb-
WUM U HAQUMEHbUUM 3HAYeHUeM He npegocxodum d, mo

2
Eeé < ed/8,

(ITpu d = 21 nosry4yaeTcs Kak pas ed?/ 2)

175

AN
~

Ha pucyHKe TTOKa3aHO yTBEp)KAEHUE 3TOM JJeMMbI: Ha OCH aOCLIMCC CHHUM OTMEYeH UHTEPBa
JUTHHBI d, B KOTOPOM MOXKeT MeHAThCs BemmauHa £. Touka (£, e¥) mpu 9ToM HepeMelaeTcs mo
yJacTKy rpaduKa SKCIIOHEHTHI, a eé cpeiHee, To ecTh Touka (E &, E %), HaxoauTcs B 3e/18HOi 06-
J1acTu (BBIMYKJIOM 060JI09KE CUHETO KycKa rpaduka). [Ipu atoMm E & = 0, Tak YTO Ha/I0 TIOKa3aTh,
YTO MAKCUMAJILHO BO3MOYKHOE 3HaueHue [ e$, KOTopoe MoJTydaeTcs IIpH IepecedeH N XOP/bI C
OCBI0 OpPJJMHAT, He ITPEeBOCXOUT ed/8,

48



3TO HEPABECHCTBO MO>XHO /I0Ka3aThb C IIOMOIIbIO ,HI/I(l)(l)epeHL[I/IpOBaHI/ISI I10 d, HO JOBOJIBHO
MYTOPHO, X1 MBI IIOKA 3TO OTJIOXKHMM M 3aBE€PIIMM A0KA3aTECJIbCTBO OLICHKH. HPOILOJDKI/IM C TOro
MecTa, I'1€ Mbl OCTAaHOBUJINCH:

. R . 1242 A2 . 1242 12242
Zpie/lxlzpije/l(xl] x) < Zpie’lx’e 2d32 _ , dz/zzpiele < e~A2d3/2,-22d}2
i j i i

(MBI HECKOJIBKO Pa3 MpUMeHsieM JieMMy X&MHra K BeJIMUMHAM C MaTeMaTUYeCKUM OXKU/ia-
HueM 0 u pazdépocamu Ad, v A1d;.) [I1st TpOU3BOJIBHOTO YHMCJIA 3TAIIOB AaHAJIOTUYHO MOJTyJaeTCsT

OLI€HKa
EerX < A2 (dF+..+dR)/8

U 110 HepaBeHCTBY MapkoBa

PriX > 1} < AP (AT +..+d7)/8 JeMt = pA? (AT +..+dR)/8—At
Hawub6osee BoIrofHOE A TTOCEpEAMHE MEXK/Y KOPHSIMU:
A =4t/(d? + .. +d2),
Y [IPU 3TOM A MBI KaK pa3 [oJIydaemM

Pr{X > t} < A @i+ +dR)/8=At _ p=22/(d}+..+d})

4yTo U Tpe6OBaJIOCb.

14.4. Toxa3aTeJIbCTBO JieMMbI XE(PauHra

[NepenuiieM JieMMy 9yTh B GoJiee 00IIeM BUJIE: €CJIU JTFOObIE IBa 3HAUEHUS CJIyJaiiHON BesTH-
auHbl £ omMYaoTcst He Gosee ueM Ha d, To E e6~E8) < ¢4*/8. B TakoM Buze MBI MOXKeM IIpH-
0aBJIATb KOHCTAHTY K &, HUUETO HE MeHsIs, U HaM OyZIeT yJ0OHO MPEATIOI0KUTh, YTO 3HAYEHUST
& nexxar Ha otpe3ske [0,d]. Torma E & = pd pss Hexoroporo p € [0, 1]. Ipaduk 3KCIIOHEHTHI
BBITTYKJIBII BHU3, TIO3TOMY JIyTa JIEKUT HIDKE XOP/IbI C KOHI[AMU ITpU X = 0 u X = d:

d—x X g4

1+ —=-e

X L
STy d

711 Beex X € [0, d]. MO)KHO TPUMEHUTD 3TO HEPABEHCTBO K 3HAYEHUSIM & U YCPETHUTD!

d—E¢ EE
§ 2 —5 4 =5 ,d
Ees < P + P e

Ham Haj1o 1okasaThk, YTO BHIITOJIHEHO BTOPO€ HEPABEHCTBO B LICIIOYKE

=1-p+ ped.

Eef—E¢ = (Eef)/eEé < (1 p+ ped)/ePd < /8,

(TlepBOE MBI yoKe ycTaHOBUIIN). [Tepexofist K ioraprugmMaM, Mbl JOJDKHBI yOAUTHCS, UTO JIJIS BCEX
t > 0 u st Bcex p € [0, 1] BBITTOJTHEHO HEPABEHCTBO

o(t) :=1n(1 — p + pe’) — pt < t?/8

MpbI HamMCcaIu ¢t BMECTO ¢, TOTOMY YTO COGUPAEMCST PACCMATPUBATD JIEBYIO YaCTh KaK (DYHKITHTO
oT t u e€ quddepeHIpoBaTh (1 GyKBa ¢ JIyYIlle TTOIX0AUT JJ1s1 0003HAYEHUST TIEPEMEHHO, YeM
d). locTaTOYHO MOKa3aTh, YTO

»(0)=0, ' (0)=0 u ¢"(t) <1/4 pnascext > 0.
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(13 HepaBeHCTBA JIJIs BTOPBIX MPOU3BO/IHBIX TTOJTYIAETCs HEPABEHCTBO JIJIsI TIEPBBIX, a TIOTOM U
JUtst caMux (yHKIUH ). [TepBoe paBEeHCTBO OYEBUTHO, a JJaJIbIlle HAJI0 BBIYUCIUTD ITPOU3BOIHBIE:

1
(1—p+ pet)?

t

P'(t) = -pet —p, p"(t) = — - (pe')* + - pe

_ _
1— p+ pet 1— p+ pet

Cpasy sicHO, uTo ¢'(0) = 0. /I o1leHKH BTOPOU MPOoU3BOAHOM TepernuiieM ¢ (t) Kak

1
(1 - p + pet)?

t=

Q"(t) = — -(pe")?* + - pe

1—p+ pet
_ —(pe'> + (1 —p+ pe)pe! (1 —p)pe!
- (1 — p + pet)? ~ (1—p+pet)

Iocneguss apo6s nMeet B uv/(u + v)’ mpuu = 1 — p u v = pe’ U MOTOMy He IIPEBOCXOJUT
1/4.
Jlemma X&pauHra gokazaHa.

14.5. 3amauu

 Ilyctb Xy, ..., X, — IpOU3BOJIbHbIE KOHEUHble MHOXECTBA, U f: X; X ... X X,, - R —
dbyHKIIMS, OTIpeieIEHHAS Ha X ITPOU3BE/IEHUU U MEeHsIolI[ee CBOE 3HaUeHMe He 6oJiee ueM
Ha c;, KOTJ]Ja MeHsIeTCS TOJIBKO i-51 koopauHarta: |f(x)— f(x") < ¢;, ecnu B x ¥ X’ COBIa/IatoT
BCe KOOpAWHATHI, kKpoMe i-ii. [Tyctb X = (Xy, ..., X;,;) PABHOMEPHO pacIpezeseHo B X X ... X
X, Jokaxure, 4TO

Pr{f(X)-Ef(X) >z} < o—22%/(ci+.+x7)
DTO HEPAaBEHCTBO HA3BIBAIOT HEPaBEHCTBOM Mak-/luapmMuzia.

« IlycTh B KOp3UHe 1 GeJIbIX U 1 YEPHBIX LIAPOB, U MbI CIIy4aiiHO 6epéM k < 2n maposB (6e3
BO3BpAllleHHs], TO €CTh Pa3HBIX), U CIUTAEM YMCJIO OEJIbIX MAapOB cpear HuX. Kak rnmpume-
HUTb HEPABEHCTBO A3yMbI — XE(hMHTIA AJ151 OLIEHKU OTKJIOHEHMS Y1CJIa OesIbIX IAapoB OT
€ro MaTeMaTHU4YeCKOI0 OXKUJaHUA?

15. Ciay4yaiiHas MapuIpyTHU3ausa

Mb1 pazbepéM ajJirOpuUTM CaydailHoit MapuipyTtuzauuu coobiieHuii (Randomized oblivious
permutation routing) 1 UCIIOJIb30BaHNE OI[EHOK BEPOSITHOCTH GOJIBIINX YKJIOHEHUN JJIs1 OLleH-
KU 33/I€PYKKU [IPU ITepechLIKe.

15.1. ITlocTraHOBKA 3ajauun

[TycTs MMeeTcs rpad v HaGOp Hap BEPILUH (S;, {;) B HEM; B KOK/IOM S; €CTh HEKOTOPOE COO01IeHe
Y €r0 HYXKHO TIepe/iaTh B ;. JI1s1 Kax/10 mapsl (S;, ;) BRIOMPAIOT HEKOTOPBIH IyTh U3 §; B t;. [la-
Jiee Bce COOOIIeHNST HAUMHAIOT IBUTATHCS 10 9TUM IIyTSIM, IIPOXO/Is Ha KXK/IOM LIare 1o pedpy
(ecim oHO cBO6OAHO). Korjla HECKOJIbKO COOOIIEHNI MTPETEHYIOT Ha OHO pe6po, BOZHUKAET
3aJIepKKa: JJIsI KOKJOro pedpa ecTh ouepe/lb COOOIEHUI, U COOOIEHUSI CTAHOBATCS B KOHEI]
9TOU ouepe iy (B MIPOU3BOJIbHOM MOPsIIKe, KOTOPBIIf HaM HEU3BECTEH) — a IIepBOe CO0OIIeHe
13 oYepe iy U3bIMAETCS U OTIIPaBJIseTCs Mo pebpy. MbI K/IEM MOMEHTA, KOT/]a BCE COOOIIeHUs
JOUAYT 710 apecaToB — JKeJIaTeJbHO ObI TTIOPaHBIIIe.
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MBI pacCMOTPUM BepOSITHOCTHBIH (randomized) aJiropuTm pelieHus: Takoi 3a7jayu Ha TU-
nepky6e. Haur anroputm O6yzieT “oblivious”, 3T0 3HAYUT, UTO KOKABINA OTIIPABUTEb BHIOUPAET
MapIUIPYT JI51 CBOETO COOOIIEeHHUsI, He 3Hasl PO APYTHX OTIpaBUTEsEH (2 3HAsA TOJIBKO CBOETO
ajZipecata — U CBOU COOCTBEHHBIE KOOPAUHATHI).

BepiHb d-MepHOTO rUMepKy6a — CTPOKU U3 d HysIel U efuHUIL. PEOpa COeNMHSIIOT BE
BEpUIMHbI, KOTOPbIE OTJIMYAIOTCS B OJJHON MO3ULIMU (M3MeHEeHe MO3ULIMU i COOTBETCTBYET JBU-
YKeHUIO BJIOJIb KOOpAWHATHI i). Hanbosiee yiajieHbl PyT OT JIpyra BEPIINHbI, KOTOPbIE OT/INYa-
IOTCSI BO BCEX IMO3UIUSX, PACCTOSIHHE MEXAY HUMU d — TaK 4To 6e3 3a/iep)KeK BpeMsi JOCTaB-
KH 661710 OBI He OoJblie d (110 KpaTJaiiemMy ImyTH). Mbl CUMTaeM, 4TO pEOpa «IyTIEKCHBIE» —
MOY>XHO OJTHOBPEMEHHO TIEPe/IaBaTh COOOIEHMS B 00€ CTOPOHBI (HO Ha KAXK/IOM IIIare B KaXK/IYIO
CTOPOHY MOYKHO TIEPEATh TOJIBKO OJTHO COOOIIEHUE).

MO>KHO JI¥ rapaHTUPOBATh OBICTPYIO JOCTABKY BCex coob1eHnit? Eciu MHOTO coob1ieHUiH
C OHUM a/IPecaToM, TO OHU HeU36eXXHO OyyT APYT APYTy MelIaTh (M C OAHUM OTIIPABUTEIEM
TOJKE), U TOYHO He TTOTyIUTCs. I103TOMYy MBI Oy/IEM CUUTATh, YTO BCE §; PA3JIMIHBI U BCE ; pa3-
JINYHBI.

Oxa3bIBaeTcsl, YTO JaXKe B 3TOM CJIydyae TapaHTHUPOBATh 3a/iepikKy O(d) Hesb3sl, ecu pac-
CMaTpHUBaTh TOJBKO /IeTEPMUHUPOBAHHbIE aJITOPUTMBbI, BEIOUPAIOIINE MyTh /JIs KaXKJ0il Bep-
IIMHBI He3aBUCUMO. HO BEpOSITHOCTHBIE aJITOPUTMBI (C HE3aBUCHMBIM BBIOOPOM) MOTYT 00eC-
MeYNTh MaKCUMAaJIbHYIO 3a/iepKKy O(d) ¢ 6osbIoii BeposiTHOCThIO (Valiant, Brebner). Bot kak
3TO JIeJIaeTCHl.

15.2. Aaroputm Basinanra - BpéoHepa

JI1s1 KOK/I0U BepIIMHBI §; BbIOEpEM CIy4aliHO U HE3aBUCHUMO IMPOMEXYTOUHYI0 BEPIIUHY #; U
MIPOJIOXKUM IyTh U3 §; B t; uepe3 ;. Kaxabiit U3 myreil » — §; U §; — t; OyAeT KpaTYalilinuM:
B CTPOKE §; Mbl UCIIPaBJisieM OUTbHI, KOTOpPbIE OTJIUYAIOT €€ OT ¥, OIUH 3a JIpyruM. bosiee Toro
(M1 9TO UTpaeT KJIIUEBYIO POJIb B AJITOPUTME), OTOBOPUMCS, UTO 3TU OUTHI U3MEHSIFOTCS CIEBA
HarpaBo. Ckaxkem, B (0,0,0) — (1,0,0) — (1,0, 1) MbI cCHauasia MeHsIEM TIEPBYIO KOOPJUHATY,
a TIOTOM TPeThI0. AHAJIOTUYHO JIUId myTel # — t;. Takue kpaTyaiiimue nyTd OyZeM Ha3blBaTh
«CTaHZAPTHBIMU.

Teopema 11. Dmom aszopumm ¢ 8bLCOKOU 8epoAMHOCMbI0 daém HAbOp Mapuilpymos ¢ MaKcu-
ManvHoli 3adepackoli He 6oaee O(d).

Kak 06bIYHO, «BBICOKAsI BEPOSITHOCTb» CTPEMUTCS K 1 ¢ pocToM pasmepa 3azauu (d), u z1o-
BOJIBHO OBICTPO (3KCITOHEHIIHMAJIBHO YOBIBAET).

15.3. AHa/I13 aJiropuTMa: cxema

Jl1s1 Hayasia pacCMOTPHM YIIPOIIEHHYIO 33/1auy, B KOTOPOIi COOOIEHUS [JO/HKHBI TPOUTH TOJBKO
TIEPBYIO IMOJIOBUHY MyTH: B KaXka0ii BepunHe[ s; BeIOMpaeTcst crydaiiHbIN afjpecar #; Y IMpoKJIa-
ZIbIBAETCSI COOOIIIeHYE OOBIYHBIM CITOCOO0M. [lajiee Mbl pa30epéM, Kakue Hy>KHbI U3MEHEeHUS JJ151
IMOJIHOM 3aJ1a4u.

3aMeTuM IpexkJe BCero, YTo Helepecekarouecs (He UMerolye o61ux pédep) myTu ApyT
ZpyTy B IIPUHIIUIIE TIOMENIATh He MOT'YT. /lajiee Mbl Oy/ieM JJOKa3bIBATh /1B YTBEPIKIEHUS:

+ C GOJTBIIION BEPOSITHOCTBIO KXK/BIN MyTh §; — K Mepecekaetcs aulllb ¢ O(d) myTeii;

+ Ka)XKJbII IIepeceKarourii s; — 7 MyTh YBeJIMUMBAET 33/IepKKY He 6oJiee ueM Ha 1.

10MosxHO ce6e TIpeICTaB/IATh, YTO IS KaXI0i BepIIMHEI BRIGHpPAeTCs ajipecar, Tak uto Beero n = 24 ormpasu-
Tesieil u asipecatoB. Ho eci HEKOTOpBIE BEPUIMHBI HUYEro He OTIIPABJISIOT, HaM Oy/IET TOJIBKO JIyUIIIe.
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TouyHble (POPMYJIMPOBKH MBI IPUBEJEM JlaJibllle, a ITI0KA JOKAXKEM Ba)XKHOE YTBEPIKIEHHUE O
TOM, KaK UMEHHO ITyTHU MOTYT IIepeCeKaThCs.

Jlemma 5. ITycmb s — t uu — U — 08a kKpamuaiiuux nymu 8 2unepkybe, npu4ém 8 Kaicoom U3
HUX KOOpOUHambL ucnpasasatomes cnesa Hanpago. Tozoa aubo oHU 808ce He umerom ooujux péoep,
Aub0 ux obwue pébpa 06pasyrom yuacmox 8 Kaxcoom u3 nymeii.

w t
9TO 3HAYUT, UTO TepeceKaromuecs S — t U u — U 00a IPUXOAAT B HEKOTOPOE p, OTKyJa
o6a IMyTu UAYT B ¢, a JaJibllle pacXoAdaTcs (M MOMUMO ydacTka p — q o0mux péoep Het. (Ha-
IIOMHUM, YTO pEOpa OpUEHTUPOBAHBI B TOM CMBICJIE, UTO OOIIMMU MBI CUMTAaEM TOJIBKO pE6pa,

IIPOXO/TUMBIE B OJTHOM HAIIPAaBJI€eHUU — IePeIavH 110 IIPSIMOMY U 00paTHOMY peGpy APYT APYTY
He MeIIAaoT.)

Jlokazamenvcmeo. Ecau ob1iux pébep HET, TO BCE oKa3aHo. ECiv OHU eCTh, TO 3aMEeTHUM TTPeK-
Jie BCEero, 4YTO OHU BXOJAT B 00a IyTU B OZHOM U TOM JKe MOPSI/IKE, [IOCKOJIbKY B KOKJOM IIyTH
pébpa UAYT B TIOPSJIKE YBETUIEHUSI MEHSIEMOI KOOpAMHATHI. BO3bMEM IepBOe U MocIefiHee 00-
mee pebpo (oHM MOTYT U coBIazaTh). [TycTh p — Havasio mepBoro ob1iero peépa, a ¢ — KOHeI]
TocjIeiHero pedpa.

JIr0601i KycoK (CTaHZAPTHOTO) KpaTJ4aIIero myTy OyzeT (CTAaHZAPTHBIM) KpaTJyalIinuM Iy-
TEM MKy CBOMMU KOHIIaMH, II03TOMY B 000HX ITyTSAX KYCOK OT P /10 q OZIUH 1 TOT JKe (CTaHAapT-
HbIN KpaTJyalIinii IyTh MEXAY p U q). A 6oJibliie o6Iux pébep HeT 1o MpeAIoIoKeHno. [

15.4. Yucjo nmepeceKarIux ImyTemn

JlemMa 6. B onucaHHoll 3a0ake co CAyHAliHbIMU a0pecamaml U CmaHOapmMHbIMU Kpamuatiuu-
Mu nymamu ¢ 60abutoli gepossmuocmoio (1 — 0O(1/n?)) noaywaemesn mak, umo Kaxcoblii nyms ne-
pecexkaemcs He 60.aee uem ¢ O(d) dpysumu nymsamu.

HaroMHMM, 4To d — pa3MepHOCTb Ky6a, a n = 2¢ — umicIIo ero BepIIH.

MBI TOKaYKeM, YTO /1711 HEKOTOPOU KOHCTAHTHI ¢ BEPOSITHOCTD TOTO, UTO JAHHBIN MyTh TIepe-
cexaeTcs 6osee ueM ¢ cd ApyruMu, He 6osbie 2734 = 1/n3. EC/IM 3TO BEpPHO /I8 KaXI0T0 13
He 6oJiee YeM n IyTeit, To BCe IyTU ITEPECEKAIOTCS C MaJIBIM YHUCJIOM JIPYTHX C BEPOSATHOCTBHIO HE
6osee 1/n? (union bound).

CioBa «/IaHHBIH MyTh» MOXKHO TIOHMMATh 3/1eCh AByMs cliocobamu. HamoMHUM, 4TO y Hac
ecTb yTu s5; — 1; (He Goslee n = 24, Tak Kak BCe §; Pa3/IMYHBI), KOHIIBI KOTOPBIX BHIGMPAIOTCS
CJTy4aifHO ¥ HE3aBUCUMO JIJIsI BCeX i. MO)KHO TOBOPUTH O MaJIOit BEpOSITHOCTH TOTO, YTO CITyJaii-
HO BBIOPAHHBIN ITyTh §; — 1; (Oy/leM paccMaTpUBATh JJIs IpUMepa MePBbIii IyTh) TIepeceKaeTCst
C GOJIBILIMM YHCJIOM JIPYTHX CIy4aiiHO BHIOPAHHBIX ITyTEeH. A MOXXHO (PUKCUPOBATH 1 U IOKA3BI-
BaTh, UTO JIJIsI JIFOOOTO 7| CTAHAAPTHBIN KPaTUaNIIN ITyTh §; — 1 (YoKe He CJIyJaitHbIN) C MaJIoi
BEPOSATHOCTHIO IIepeceKaeT MHOT'O CJTy4aliHO BRIOpaHHBIX ITyTeit s; — 7 mpu i # 1. Bropoe yTBep-
YKJIeHHe Ha MEHbIIIEM BepOSITHOCTHOM ITPOCTPAHCTBE U 6oJjiee CUIbHOE (TIOTOMY UTO ITepBasi Be-
POSITHOCTD TIOJIy4aeTcsl yCpeZHeHUEM BTOPBIX 10 pa3HbIM ;). Mbl Oy/ileM Z0Ka3bIBaTh BTOPOE
yTBEepK/leHHe B JIBa mara. CHavasia Mbl OLIEHUM CBEPXY MaTeMaTUYeCKoe OXKU/IaHHe YUCIa My-
Tell, IepeceKarolux §; — 1,  3aTeM IIPUMEHUM OlleHKy YepHoBa /1711 60JIbILIOTO IPEBBILIEHNS
HaJl MATEeMAaTUYeCKUM O)XKUJJAHUEM.
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ITar 1. O1feHKa MaTEeMAaTUYECKOr'0 O>KUAaHUA

[IyTh s; — 1, cocToUT He 6osiee yeM U3 d p€dep. MbI 1oKaXKeM, YTO JIs1 KaXKJ0ro pedpa BeposiT-
HOCTb TOTO, YTO OHO ITepeceKaeT KaKoi-To APyroii myTh, He 6ostbine 1/2. Torja MaTeMaTuiecKoe
OXKUJIaHUE YKCJIa ITyTel, TPOXOAIIUX Yepe3 3T peOpo, He 6oJIbIlle 1/2, a MaTeMaTUIeCKOe 0XKH-
JlaHMe YKCJIa IyTel, MPOoXOoAINX Yepe3 KaKoe-To pedpo IMyTH §; — 1y, He 6ostblie d/2 (moTomy
YTO 3Ta BEJIMYMHA He GOJIbIIIe CYMMBI U3 d BEJTMYMH C MATEMATUYECKUM OXKUJJAHUEM He GOJThIIe
1/2)[H4

HTak, paccCMOTpUM OZIHO pebpo u — v. HaM Jjayke He BaXKHO, UTO 9TO pebpo ImyTu §; — 1 (Ja
9TO U He HaJjlaraeT HUKaKUX OIpaHUYeHUIl), TpocTo pebpo. Hac nHTepecyeT MaTeMaTriecKoe
OXXUZIaHUe Yuciia myTeli cpegu s; — 1 (mpu i > 1), MpOXOASIUX Yepes3 3TO pedpo.

BepIIMHBI U U U SIBJISIIOTCS] CTPOKAMU JIUTUHBI d, OTJIMYAIOLIMMHUCS B OTHOM 6uTe. ITyCTh, CKa-
JKeM, pedpo UMeeT B/

u=A0B - AlB =v.

B KakoM ciiyyae CTaHJApTHBIU IIyThb S; — 1; COAEPIKUT y4acTOK U — U? ITOCKOJIBKY B CTaHJApT-
HOM ITyTU KOOPAWHATHI U3MEHSIFOTCS CIeBa HAIIPAaBO, TO /10 U — U MEHSIFOTCS OUTHI HA A-MeCTax,
a cmpaBa — Ha B-MmecTax. 3Ha4uT, §; I0/DKHO KOHYaThesl Ha 0B. Takux s; y Hac He 6osee 29, rae
a — pyuHa A. OcTajJibHbIe IIyTU HAC TOYHO HE UHTEPECYIOT. Tereps s KaXXA0ro U3 3TUX Iy-
Tell — KaKoBa BEPOSTHOCTH ITPOUTU Uepe3 3TO pedpo st caydaitHoro #? JIJ1s1 3TOTOo ¥ T0JIKHO
HauMHaThCA Ha Al, HOTOMY YTO IIOCJIE U — U MOTYT MEHSThCS TOJBKO B-OMTHI. BepoaTHOCTD
sToro pasHa 2~9!, TI0/b3ysACh TMHEAHOCTHIO MATEMATUYECKOTO OXKUIAHUSA, CKIabIBaeM 2%
cIaTaeMbIX, He 60obmmx 2~ 471, 1 rosy4yaem He 6osblie 1/2.

WTak, Mbl I0Ka3aJId, UTO MameMamuueckKoe oicUudaHue Yucaa cayualinblx nymeii s; — 1 (¢
i > 0), nepecexarouuxcs ¢ PUKCUPOBAHHbIM NYMEM S, — 1, He 6oavuie d/2.

ITTar 2. OeHKa BepoOsTHOCTH IPeBbINICHU S

Teneps TOKaXKeM, UTO JJ11 PUKCUPOBAHHOTO IMyTH §; — 1 YHUCJIO TIEPECEKAIOITUXCS C HUM My TeH
IIPEBOCXOUT 4d C BEpOSATHOCTBIO He GoJibmre 1/n3. (OTcroza, Kak MbI TOBOPHJIH, GY/IET CIIE[0BATh
TaKasl J)Ke OLleHKa [l CJIy4ailHOro IyTH, 1 9TO )K€ BEpHO JJIs1 BCeX IyTel §; — 1, TaK 4TO BCe
yTU OyAyT UMeTh He Oosiee yeM 4d nepecedeHUi C APyTUMU C BEPOSITHOCTBIO He 6ostblile 1/n.)

3aMeTHM, UTO YHCJIO TIEPECEKAIOUTUXCS C §; — 1 IyTeil MOYKHO pas3sIoKUTh U B CyMMY I10 HO-
MepaM IyTel (MHIUKATOPOB COOBITUM «HAIII IyTh IMepeceKaeTcs C i-M»). TO He TO pa3IoKeHHe,
KOTOPO€ MBI MCIT0JIb30BAJIU /IJIs BBIYMCJIEHUSI MATEMaTHYeCKOI'0 O)KUAAHUS, HO 3TO U He HY>KHO.
BaxkHO, 4TO Ternepp cjaraeMble HE3aBUCHMBI U NIPEZACTABIISAIOT COO0H MHAVKATOPHI (IPUHUMA-
10T 3Ha4YeHus 0 1 1), TaKk YTO MOXKHO IIPMMEHUTh HepaBeHCTBO YepHOBa ¢ MaTeMaTUYeCKUM
oXxusaHueMm u = d/2 v moporom ¢t = 4d (B BoceMb pa3 O0JIblile MATEMATUYECKOTO OXKUJIAHMS).
O1eHka Toraa 1aét

4d - 35d 3.5
_afe\ 4, (ed e e d 3
m(ZE) = ‘ay ¢ _ ([ —
€ (t) =€ <8d ©ogad |\ g4 (A/8)% = 1/n°.

15.5. Ilepexoa K ABYXYaCTHBIM ITyTSM U 3aBepIlIeHHE J0Ka3aTeJIbCTBA

JTo cux TIop Mbl pacCCMaTPUBAJIM YITPOIEHHYIO 33/1a4y, KOT/Ia ITyTh I1EJT U3 33/JaHHBIX BEPIIIVH B
ciaydaiinple. Ha camoMm ziesie TIyTh COCTOMT W3 ABYX YacTel: OH UJIET OT OTIIPABUTEJISI B CIIydaii-
HYIO BEpIIIMHY, a OTTy/Ia K ajpecary. Kaxasi U3 ByX 4acTeil 0JTHOTO IMyTH MOXKET IepeceKaThCs
C KQXKI0¥ U3 ABYX YaCTel PyTroro, TO ECTh BCETO Y HAC YEThIPE BapUaHTa IepecevueHuit. Ecu me-
pecedyeHmt Kaxxaoro Tura He 6oJibiie O(d) (y Hac 66110 4d), TO U BCero rnepecevyeHuit He 60JIblie
O(d) c BueTBepO 6OJIbIIIEN KOHCTAHTOM.

1B Buzeo He MCHOIB3yeTcs 1/2 1 oIy4yaeTcsi MaTeMaThudecKoe oxuianue d.
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JIJIsT KaXK/I0ro M3 YeThIPEX BAPUAHTOB TlepecedYeHU MOXKHO TIPUMEHUTH CTapoe paccyx/ie-
HHe U yOEIUTHCS, YTO C BEPOSTHOCTBIO 1 — 1/n? BCe IyTH He MPEBBIAIOT 3TOH rpaHuibl (4d).
3HAYUT, C BEPOATHOCTBIO 1 — 4/n? (1u 6oJIbIle) BCe IyTH UMEIOT MaJio (He 6ostee 16d) epece-
YeHHI CO CBOMMU COCEASIMU.

JlJ1st 3aBeplilleHUs J0Ka3aTeIbCTBA OI[EHKU Ha 33/IepXKKY B aJITOPUTME CIydyaitHOU Mapuipy-
TU3AI[UU OCTAETCS I0KA3aTh TaKyto JeMMy (KoTopast BepHa JijIsl TPOU3BOJILHOTO OPUEHTUPOBAH-
Horo rpada).

JlemMma 7. ITycmb 8 OpueHmuposaHHoM epage 8blOpaH Nymv s — t U N0 HeMy OMNPAsAsiemcs
Hekomopoe coobuieHue. ITycmb umeemces ewé k nymeti s, — ty,...,S; — tx, KOmopble nepecexa-
romes ¢ S — t no obuwemy yuacmky (nepeceuerue sigasemcs Kyckom oboux nymeii). Omnpasum
00HOB8peMEeHHO COOOUeHUA U3 S 8 t, A MAaKdice U3 8cex S; 8 t; N0 HAuUM npasuram (no Kaxicoomy
pebpy Ha 0aHHOM uiaze Moxcem Uomu moavko 00HO coobujeHue, ecau ux 6oavule, Mo OHU HcOym
omnpasku 8 npou3e80abHoM nopaoke). Tozoa 3adepicka coooueHus S — t N0 CPasHeHUr ¢ 0AUHOLL
nymu He 6oabuie k.

B aT0i1 IeMMe, B CYIITHOCTU, U Tpad TOXKe He BadKeH. MOXKHO MPOCTO IPECTABIIATH cebe
MyTh § — [, I0 KOTOPOMY WJIET Hallle COOOIEHME, a TAK)Ke B KAaKWE-TO MOMEHTHI B KaKHe-TO
MecTa BOPACBIBAKOT K JAPYTHUX COOOIIEHUi, KOTOPble KaKoe-TO BpeMsi KOHKYPUPYIOT C HAITUM
3a OTIIPABKY, a TIOTOM YXOJST, He OW/s 10 KOHI[A. 1 Ha/lo TToKa3aTh, UYTO OHU 33JIeprKaT Hallle
coo011IeHEe He OoJiee yeM Ha K.

15.6. 3agauu®

1. IMokaxkure, YTO A1 JIFOOOTO JETEPMUHHUPOBAHHOI'O AJITOPUTMA, KOTOPBIN 10 mape Bep-
IIMH TUnepKyoa s, f yka3blBaeT HEKOTOPBIA IyTh § — f, HAAETCA I10Xast IepecTaHOBKA
BEpUIVH 0, IPU KOTOPOU MaKCUMaJsIbHasI 3a/iep KKa IpU OTIIPaBKe COOO1IeHU 13 s B 0(s)
pacTét 6bIcTpee 000l TUHEHHOU PyHKIMH OT d.

2. JTokaxuTe JIeMMY [] 0 MaKCUMAaJIBHBIX 33]I€PIKKaX.
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